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Production planning example

min
x�0

cx+ q E!

h
d! � xe+

i
Minimize total expected costs:

y = max{d! � xe , 0}

expected future purchasing costsproduction costs

If ! > x, then buy y 2 Z+

from competitor in batches of size 1
Produce x 2 R+

Observe demand !

Timeline:

d! � xe+

! x !

For fixed demand !:

Non-convex!
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Non-convex objective function?

min
x�0

cx+ q E!

h
d! � xe+

i
Minimize total expected costs:

Q(x)

Numerical example:

q = 1

! ⇠ N(µ,�2)

µ = 3



<latexit sha1_base64="6LHOEOcV4TfoakfwATB7VGxhAbA=">AAAWU3iclZhvb9w0GMCzMWAcDDbQJiHehLWVYJRrrxogIU2aunaaRDeuVbdVa9qTk3Ny1tlxavuuvWURn4a38Gl4wWfhDY+TXO4SOyeo1Evy+Pf8sf34sRM/oUSq7e2/r11/78b7H3x486POx5/c+vSz23c+fyX5RAT4ZcApFyc+kpiSGL9URFF8kgiMmE/xa3/8RLe/nmIhCY+P1SzBZwxFMQlJgBSIBre/9OSFP6Gu59MJTv </latexit>

Error bound
<latexit sha1_base64="efaP0UEn7zSx5bhGXNzUAzJ0uhU=">AAAWkXiclZhbb9s2FIDdXTvv1q5YXvbCNQ7QdZkTB92GFShQpGlRoGmXBL0EjRKDkiiZMCUqJG3HVfXT9kP2vNftP+xQkmVLpIwtQCzq8DsX3g5JuQmjUu3u/nntgw8/+viTT69/1v38iy+/+vrGzW9eSz4RHnnlccbFqYslYTQmrxRVjJwmguDIZeSNO36k699MiZCUxy/VPCHnEQ5jGlAPKxANb7x5wgXC8Rw5LpuQtOckI3 </latexit>

For any ' : R ! R and random variable ! with pdf f

<latexit sha1_base64="R7rR/HGkiArxWcgop1EhvY2FXpg=">AAAWd3iclZhbb9s2FIDdXTvvlm5oXvYwrXGGrsuSOOg2YECBIk2LAks7J0jboFFiUDIlEaZEhaSduKp+zX7NXren/ZS97ZCSZUukjC1ALOrwOxfeDkl5KSVC7u7+feOdd997/4MPb37U/fiTTz/7fO3WFy8Fm3Afv/AZZfzUQwJTkuAXkkiKT1OOUexR/MobP1L1r6aYC8KSEzlL8XmMwoQExEcSRMO1B1dERo7L8SjruXLqBL </latexit>

with |�|f denoting the total variation of f

<latexit sha1_base64="L3ah9KioCAVLdmMdnbmm7/p5GBA="></latexit>���E!['(!)]
��� 

|�|f
2
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st

���
Z t

s
'(u)du
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d! � xe+

<latexit sha1_base64="Jk+r5ZWBgAmZmtGF1SSwLuWUZcc="></latexit>

(! + 1/2� x)+

<latexit sha1_base64="f1RsNe5jg2bAfiR9o/UZiUMg8/A="></latexit>x <latexit sha1_base64="ZgjP5c5lzeQ5kXEppe0w/7+FHsg="></latexit>

! !

<latexit sha1_base64="/tAn7DHHEeh7PI5S4U95kVk74SI="></latexit>

For a fixed production level x:

<latexit sha1_base64="FQSEofYuoDHcMABii59/W74J+Mg=">AAAWcHiclZjrbts2FIDdXbvs1m5oMWA/pjYJ0HVdEgdbhw0oUKRpUWBplwS9BK2SgJKPZMKUqJC0E1fVm+xp9nd7gb3GnmCHlCxbImVsAWJJh9+5kDw8pBRkjEq1tfX3pXfefe/9Dz68/NHKx598+tnnV65+8ULysQjhecgZF0cBkcBoCs8VVQyOMgEkCRi8DEYPdPvLCQhJefpMTTM4Tkic0oiGRKHo9MpdP2BjyHf4OB1Ij6 </latexit>

Bounds on the expectation of periodic functions
<latexit sha1_base64="YEdd3C4tblyAIHP/png3Pi8IuTY=">AAAWZniclZjdbts2FIDd/Xbe1rUbml3sRmsSoOsyJw66DRhQoEjSosDSzjHSNmiUGJRMyYRJUSFpx66ql9jT7HZ7i73BHmOHkixbImVsAWJJh9/5IQ95SMmLKZFqb+/vG++9/8GHH31885P2p599fuuL23e+fCX5RPj4pc8pF2cekpiSCL9URFF8FguMmEfxa298qNtfT7GQhEenah7jC4bCiATERwpEg9s7rrzyJtRxPTrByS </latexit>

Convex approximation Q̂

<latexit sha1_base64="IeLl4VvQgUnnZ6M295FOUmylPrE=">AAAWW3iclZjdbts2FIDVdT+d123thuZmN2qTAF2XOXHQbcCAAl2aFgWWdk6QtkGjxKBkSiZMigpJO3FVXe9pdrs9yy72LjuUZNkSKWMLEEs6/M4PechDSn5CiVQ7O39f++D6hx99/MmNTzuf3fz8iy9v3f7qteQTEeBXAadcnPhIYkpi/EoRRfFJIjBiPsVv/PET3f5mioUkPD5WswSfMRTFJCQBUiAa3LrryQt/Ql3PpxOc/p </latexit>

Approximation error
<latexit sha1_base64="URHU+UDDT+KdQYH8B10/sngc4C8="></latexit>

Q̂(x)�Q(x) = E!['x(!)]

<latexit sha1_base64="S4VXUoW6tQPQ6ti+HhoyuVPGvBQ="></latexit>

Q̂(x) = E!

h
(! + 1/2� x)+

i

<latexit sha1_base64="K7TgsnFAq6YJfNfpYsT784gMJxc=">AAAWV3iclZhbb9s2FIDVbus679ZuaF+GAVqTAF2XOXHQbcCAAkWaFgWWdk6QtEGjxKBkSiZMigpJO3FVPe3X7HX7Nf0126Eky5ZIGVuAWNLhdy68HV78hBKptrffX7v+wYcf3fj45iedTz/7/Isvb93+6pXkExHg44BTLk58JDElMT5WRFF8kgiMmE/xa3/8RJe/nmIhCY+P1CzBZwxFMQlJgBSIBre+9eSFP6Gu59MJTo+4Qt </latexit>

Total variation
<latexit sha1_base64="TkYeIavq+GI6DW9ZVsfFo0L20Dc="></latexit>

|�|f = total increase + total decrease

<latexit sha1_base64="ZLLt4JD6/1EJND8N59eeASrua3g="></latexit>

f

<latexit sha1_base64="f1RsNe5jg2bAfiR9o/UZiUMg8/A="></latexit>x <latexit sha1_base64="ZgjP5c5lzeQ5kXEppe0w/7+FHsg="></latexit>

! !

<latexit sha1_base64="D0i5kAlP2czk8OuckqfCsKZha9k="></latexit>

Periodic di↵erence function 'x(!)



d! � xe+

<latexit sha1_base64="Jk+r5ZWBgAmZmtGF1SSwLuWUZcc="></latexit>

(! + 1/2� x)+

<latexit sha1_base64="f1RsNe5jg2bAfiR9o/UZiUMg8/A="></latexit>x <latexit sha1_base64="ZgjP5c5lzeQ5kXEppe0w/7+FHsg="></latexit>

! !

<latexit sha1_base64="f1RsNe5jg2bAfiR9o/UZiUMg8/A="></latexit>x <latexit sha1_base64="ZgjP5c5lzeQ5kXEppe0w/7+FHsg="></latexit>

! !

<latexit sha1_base64="/tAn7DHHEeh7PI5S4U95kVk74SI="></latexit>

For a fixed production level x:

<latexit sha1_base64="FQSEofYuoDHcMABii59/W74J+Mg=">AAAWcHiclZjrbts2FIDdXbvs1m5oMWA/pjYJ0HVdEgdbhw0oUKRpUWBplwS9BK2SgJKPZMKUqJC0E1fVm+xp9nd7gb3GnmCHlCxbImVsAWJJh9+5kDw8pBRkjEq1tfX3pXfefe/9Dz68/NHKx598+tnnV65+8ULysQjhecgZF0cBkcBoCs8VVQyOMgEkCRi8DEYPdPvLCQhJefpMTTM4Tkic0oiGRKHo9MpdP2BjyHf4OB1Ij6 </latexit>

Bounds on the expectation of periodic functions
<latexit sha1_base64="YEdd3C4tblyAIHP/png3Pi8IuTY=">AAAWZniclZjdbts2FIDd/Xbe1rUbml3sRmsSoOsyJw66DRhQoEjSosDSzjHSNmiUGJRMyYRJUSFpx66ql9jT7HZ7i73BHmOHkixbImVsAWJJh9/5IQ95SMmLKZFqb+/vG++9/8GHH31885P2p599fuuL23e+fCX5RPj4pc8pF2cekpiSCL9URFF8FguMmEfxa298qNtfT7GQhEenah7jC4bCiATERwpEg9s7rrzyJtRxPTrByS </latexit>

Convex approximation Q̂

<latexit sha1_base64="IeLl4VvQgUnnZ6M295FOUmylPrE=">AAAWW3iclZjdbts2FIDVdT+d123thuZmN2qTAF2XOXHQbcCAAl2aFgWWdk6QtkGjxKBkSiZMigpJO3FVXe9pdrs9yy72LjuUZNkSKWMLEEs6/M4PechDSn5CiVQ7O39f++D6hx99/MmNTzuf3fz8iy9v3f7qteQTEeBXAadcnPhIYkpi/EoRRfFJIjBiPsVv/PET3f5mioUkPD5WswSfMRTFJCQBUiAa3LrryQt/Ql3PpxOc/p </latexit>

Approximation error
<latexit sha1_base64="URHU+UDDT+KdQYH8B10/sngc4C8="></latexit>

Q̂(x)�Q(x) = E!['x(!)]

<latexit sha1_base64="S4VXUoW6tQPQ6ti+HhoyuVPGvBQ="></latexit>

Q̂(x) = E!

h
(! + 1/2� x)+

i

<latexit sha1_base64="K7TgsnFAq6YJfNfpYsT784gMJxc=">AAAWV3iclZhbb9s2FIDVbus679ZuaF+GAVqTAF2XOXHQbcCAAkWaFgWWdk6QtEGjxKBkSiZMigpJO3FVPe3X7HX7Nf0126Eky5ZIGVuAWNLhdy68HV78hBKptrffX7v+wYcf3fj45iedTz/7/Isvb93+6pXkExHg44BTLk58JDElMT5WRFF8kgiMmE/xa3/8RJe/nmIhCY+P1CzBZwxFMQlJgBSIBre+9eSFP6Gu59MJTo+4Qt </latexit>

Total variation
<latexit sha1_base64="TkYeIavq+GI6DW9ZVsfFo0L20Dc="></latexit>

|�|f = total increase + total decrease

<latexit sha1_base64="ZLLt4JD6/1EJND8N59eeASrua3g="></latexit>

f

<latexit sha1_base64="6LHOEOcV4TfoakfwATB7VGxhAbA=">AAAWU3iclZhvb9w0GMCzMWAcDDbQJiHehLWVYJRrrxogIU2aunaaRDeuVbdVa9qTk3Ny1tlxavuuvWURn4a38Gl4wWfhDY+TXO4SOyeo1Evy+Pf8sf34sRM/oUSq7e2/r11/78b7H3x486POx5/c+vSz23c+fyX5RAT4ZcApFyc+kpiSGL9URFF8kgiMmE/xa3/8RLe/nmIhCY+P1SzBZwxFMQlJgBSIBre/9OSFP6Gu59MJTv </latexit>

Error bound
<latexit sha1_base64="efaP0UEn7zSx5bhGXNzUAzJ0uhU=">AAAWkXiclZhbb9s2FIDdXTvv1q5YXvbCNQ7QdZkTB92GFShQpGlRoGmXBL0EjRKDkiiZMCUqJG3HVfXT9kP2vNftP+xQkmVLpIwtQCzq8DsX3g5JuQmjUu3u/nntgw8/+viTT69/1v38iy+/+vrGzW9eSz4RHnnlccbFqYslYTQmrxRVjJwmguDIZeSNO36k699MiZCUxy/VPCHnEQ5jGlAPKxANb7x5wgXC8Rw5LpuQtOckI3 </latexit>

For any ' : R ! R and random variable ! with pdf f

<latexit sha1_base64="R7rR/HGkiArxWcgop1EhvY2FXpg=">AAAWd3iclZhbb9s2FIDdXTvvlm5oXvYwrXGGrsuSOOg2YECBIk2LAks7J0jboFFiUDIlEaZEhaSduKp+zX7NXren/ZS97ZCSZUukjC1ALOrwOxfeDkl5KSVC7u7+feOdd997/4MPb37U/fiTTz/7fO3WFy8Fm3Afv/AZZfzUQwJTkuAXkkiKT1OOUexR/MobP1L1r6aYC8KSEzlL8XmMwoQExEcSRMO1B1dERo7L8SjruXLqBL </latexit>

with |�|f denoting the total variation of f

<latexit sha1_base64="L3ah9KioCAVLdmMdnbmm7/p5GBA="></latexit>���E!['(!)]
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<latexit sha1_base64="D0i5kAlP2czk8OuckqfCsKZha9k="></latexit>

Periodic di↵erence function 'x(!)



<latexit sha1_base64="FQSEofYuoDHcMABii59/W74J+Mg=">AAAWcHiclZjrbts2FIDdXbvs1m5oMWA/pjYJ0HVdEgdbhw0oUKRpUWBplwS9BK2SgJKPZMKUqJC0E1fVm+xp9nd7gb3GnmCHlCxbImVsAWJJh9+5kDw8pBRkjEq1tfX3pXfefe/9Dz68/NHKx598+tnnV65+8ULysQjhecgZF0cBkcBoCs8VVQyOMgEkCRi8DEYPdPvLCQhJefpMTTM4Tkic0oiGRKHo9MpdP2BjyHf4OB1Ij6 </latexit>

Bounds on the expectation of periodic functions
<latexit sha1_base64="YEdd3C4tblyAIHP/png3Pi8IuTY=">AAAWZniclZjdbts2FIDd/Xbe1rUbml3sRmsSoOsyJw66DRhQoEjSosDSzjHSNmiUGJRMyYRJUSFpx66ql9jT7HZ7i73BHmOHkixbImVsAWJJh9/5IQ95SMmLKZFqb+/vG++9/8GHH31885P2p599fuuL23e+fCX5RPj4pc8pF2cekpiSCL9URFF8FguMmEfxa298qNtfT7GQhEenah7jC4bCiATERwpEg9s7rrzyJtRxPTrByS </latexit>

Convex approximation Q̂

<latexit sha1_base64="IeLl4VvQgUnnZ6M295FOUmylPrE=">AAAWW3iclZjdbts2FIDVdT+d123thuZmN2qTAF2XOXHQbcCAAl2aFgWWdk6QtkGjxKBkSiZMigpJO3FVXe9pdrs9yy72LjuUZNkSKWMLEEs6/M4PechDSn5CiVQ7O39f++D6hx99/MmNTzuf3fz8iy9v3f7qteQTEeBXAadcnPhIYkpi/EoRRfFJIjBiPsVv/PET3f5mioUkPD5WswSfMRTFJCQBUiAa3LrryQt/Ql3PpxOc/p </latexit>

Approximation error
<latexit sha1_base64="URHU+UDDT+KdQYH8B10/sngc4C8="></latexit>

Q̂(x)�Q(x) = E!['x(!)]

<latexit sha1_base64="S4VXUoW6tQPQ6ti+HhoyuVPGvBQ="></latexit>

Q̂(x) = E!

h
(! + 1/2� x)+

i

<latexit sha1_base64="6LHOEOcV4TfoakfwATB7VGxhAbA=">AAAWU3iclZhvb9w0GMCzMWAcDDbQJiHehLWVYJRrrxogIU2aunaaRDeuVbdVa9qTk3Ny1tlxavuuvWURn4a38Gl4wWfhDY+TXO4SOyeo1Evy+Pf8sf34sRM/oUSq7e2/r11/78b7H3x486POx5/c+vSz23c+fyX5RAT4ZcApFyc+kpiSGL9URFF8kgiMmE/xa3/8RLe/nmIhCY+P1SzBZwxFMQlJgBSIBre/9OSFP6Gu59MJTv </latexit>

Error bound
<latexit sha1_base64="efaP0UEn7zSx5bhGXNzUAzJ0uhU=">AAAWkXiclZhbb9s2FIDdXTvv1q5YXvbCNQ7QdZkTB92GFShQpGlRoGmXBL0EjRKDkiiZMCUqJG3HVfXT9kP2vNftP+xQkmVLpIwtQCzq8DsX3g5JuQmjUu3u/nntgw8/+viTT69/1v38iy+/+vrGzW9eSz4RHnnlccbFqYslYTQmrxRVjJwmguDIZeSNO36k699MiZCUxy/VPCHnEQ5jGlAPKxANb7x5wgXC8Rw5LpuQtOckI3 </latexit>

For any ' : R ! R and random variable ! with pdf f

<latexit sha1_base64="R7rR/HGkiArxWcgop1EhvY2FXpg=">AAAWd3iclZhbb9s2FIDdXTvvlm5oXvYwrXGGrsuSOOg2YECBIk2LAks7J0jboFFiUDIlEaZEhaSduKp+zX7NXren/ZS97ZCSZUukjC1ALOrwOxfeDkl5KSVC7u7+feOdd997/4MPb37U/fiTTz/7fO3WFy8Fm3Afv/AZZfzUQwJTkuAXkkiKT1OOUexR/MobP1L1r6aYC8KSEzlL8XmMwoQExEcSRMO1B1dERo7L8SjruXLqBL </latexit>

with |�|f denoting the total variation of f

<latexit sha1_base64="L3ah9KioCAVLdmMdnbmm7/p5GBA="></latexit>���E!['(!)]
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<latexit sha1_base64="K7TgsnFAq6YJfNfpYsT784gMJxc=">AAAWV3iclZhbb9s2FIDVbus679ZuaF+GAVqTAF2XOXHQbcCAAkWaFgWWdk6QtEGjxKBkSiZMigpJO3FVPe3X7HX7Nf0126Eky5ZIGVuAWNLhdy68HV78hBKptrffX7v+wYcf3fj45iedTz/7/Isvb93+6pXkExHg44BTLk58JDElMT5WRFF8kgiMmE/xa3/8RJe/nmIhCY+P1CzBZwxFMQlJgBSIBre+9eSFP6Gu59MJTo+4Qt </latexit>

Total variation
<latexit sha1_base64="TkYeIavq+GI6DW9ZVsfFo0L20Dc="></latexit>

|�|f = total increase + total decrease

<latexit sha1_base64="ZLLt4JD6/1EJND8N59eeASrua3g="></latexit>

f

<latexit sha1_base64="xwQlukWZFB5Yux14K3f0Lm3LeuY="></latexit>

Production planning example
<latexit sha1_base64="FQvjh+70zPVUlQgA2tCz/6YQH7I="></latexit>

is a stochastic MIP

<latexit sha1_base64="Qz7FMIGMNBDquPmrplK5Nya5DJw="></latexit>

Prove asymptotic convexity for
<latexit sha1_base64="Nbo2EZHayX5/HtslVJoyRGHZ/t0="></latexit>

multistage stochastic MIPs

<latexit sha1_base64="lZupVmbiZpAAQK4f8Pu1yGTW/og="></latexit>

Goal



• Definition multistage stochastic mixed-integer programs (M-SMIPs)

• Nested formulation

• Known results for two-stage SMIPs

• Asymptotic periodicity for mixed-integer value functions 

• Construction convex approximations for M-SMIPs

• Asymptotic total variation error bound

Outline

Convex approximations for multistage 
stochastic mixed-integer programs



<latexit sha1_base64="FqSY/WZgp+2p66pNLdyXyoGtjDc="></latexit>

Multistage stochastic mixed-integer programs (M-SMIPs)

<latexit sha1_base64="BB9Vh+FHUlDFd+RwIP5KIXYM0gc="></latexit>

First stage
<latexit sha1_base64="mz8RvTCmqgCO8ieBweDgonjkFEI="></latexit>

Second stage
<latexit sha1_base64="yjWtxsSPM6rAka7NHSbDz8kFAdw="></latexit>

Stage T

<latexit sha1_base64="kp5xarZGZfGaCTpOMBPaAZ1ZjBM="></latexit>· · ·
<latexit sha1_base64="jUETJ4UTM7ncSIG8C/NG1esXBJQ="></latexit>x1

<latexit sha1_base64="3tDJhhFLTuq/gG/7df1oqzzQtQo="></latexit>

x2(!
2)

<latexit sha1_base64="0UB7O/eXxV4Mai7TZwAOYJ+dMCQ="></latexit>

xT (!
T )

<latexit sha1_base64="qV4aWxDpNTTPtTKefAtJSJQBomU="></latexit>!2
<latexit sha1_base64="PvhJnA4PHbLMGjPOb04HS6DrMuU="></latexit>!3

<latexit sha1_base64="x93JQqVgadzypzUFF7egTT6ZB8s="></latexit>!T
<latexit sha1_base64="hNcRSIJDnb4XQW6wkbln/4vHQzM="></latexit>

Notation:
<latexit sha1_base64="NkuQlljBalFiNb6kIOGpc3hHqoI="></latexit>

- Time horizon t = 1, . . . , T
<latexit sha1_base64="nGMPru+FoJ0087W/ff0oaITQ0og="></latexit>

- Decision variables xt(!t)
<latexit sha1_base64="T9uPsF6IpJ7nXFSVFSzwr9Ou/50="></latexit>

- Random parameters !t
<latexit sha1_base64="/lOfa/yhe8iUhhqIu3dP+0QJJy4="></latexit>

with history !t := (!1, . . . ,!t)

<latexit sha1_base64="FG8WdZhZc8wMURkvvUAYvOq4GEQ="></latexit>

Nested formulation:
<latexit sha1_base64="wBNDjA+YBBM7RZZHILImz+erOqg="></latexit>

⌘ := min
x12X1

n
c>1 x1 +Q1(x1) : W1x1 = !1

o

<latexit sha1_base64="udYVDFjhuS89YAYfYJ/rjDE7Rdg="></latexit>

Qt(xt) = E!t+1

h
vt+1(!t+1, xt)

i
,

<latexit sha1_base64="bsPUTuDyYl4TydPJQssLMK18SBQ="></latexit>

vt(!t, xt�1) = min
xt2Xt

n
c>t xt +Qt(xt) :

<latexit sha1_base64="YE+XyqfHmsPLvKKSOILRg+jZTwQ="></latexit>

Ttxt�1 +Wtxt = !t

o

<latexit sha1_base64="I0C1GcOOhT/VFO1rjU952Vxm4L4="></latexit>

with QT ⌘ 0
<latexit sha1_base64="oUlPm/7H38f43A0TWu93CtilJpY="></latexit>

t = 1, . . . , T � 1
<latexit sha1_base64="D1kE5ovUtXe8d3I6T5YRkj3iezA="></latexit>

Integrality restrictions

<latexit sha1_base64="BLKlEVi+vzuLg2EeN5hjP00LoKc="></latexit>

Fixed



<latexit sha1_base64="FqSY/WZgp+2p66pNLdyXyoGtjDc="></latexit>

Multistage stochastic mixed-integer programs (M-SMIPs)

<latexit sha1_base64="BB9Vh+FHUlDFd+RwIP5KIXYM0gc="></latexit>

First stage
<latexit sha1_base64="mz8RvTCmqgCO8ieBweDgonjkFEI="></latexit>

Second stage
<latexit sha1_base64="yjWtxsSPM6rAka7NHSbDz8kFAdw="></latexit>

Stage T

<latexit sha1_base64="kp5xarZGZfGaCTpOMBPaAZ1ZjBM="></latexit>· · ·
<latexit sha1_base64="jUETJ4UTM7ncSIG8C/NG1esXBJQ="></latexit>x1

<latexit sha1_base64="3tDJhhFLTuq/gG/7df1oqzzQtQo="></latexit>

x2(!
2)

<latexit sha1_base64="0UB7O/eXxV4Mai7TZwAOYJ+dMCQ="></latexit>

xT (!
T )

<latexit sha1_base64="qV4aWxDpNTTPtTKefAtJSJQBomU="></latexit>!2
<latexit sha1_base64="PvhJnA4PHbLMGjPOb04HS6DrMuU="></latexit>!3

<latexit sha1_base64="x93JQqVgadzypzUFF7egTT6ZB8s="></latexit>!T

<latexit sha1_base64="FG8WdZhZc8wMURkvvUAYvOq4GEQ="></latexit>

Nested formulation:

<latexit sha1_base64="oUlPm/7H38f43A0TWu93CtilJpY="></latexit>

t = 1, . . . , T � 1

<latexit sha1_base64="BLKlEVi+vzuLg2EeN5hjP00LoKc="></latexit>

Fixed

<latexit sha1_base64="D1kE5ovUtXe8d3I6T5YRkj3iezA="></latexit>

Integrality restrictions

<latexit sha1_base64="wBNDjA+YBBM7RZZHILImz+erOqg="></latexit>

⌘ := min
x12X1

n
c>1 x1 +Q1(x1) : W1x1 = !1

o

<latexit sha1_base64="udYVDFjhuS89YAYfYJ/rjDE7Rdg="></latexit>

Qt(xt) = E!t+1

h
vt+1(!t+1, xt)

i
,

<latexit sha1_base64="bsPUTuDyYl4TydPJQssLMK18SBQ="></latexit>

vt(!t, xt�1) = min
xt2Xt

n
c>t xt +Qt(xt) :

<latexit sha1_base64="YE+XyqfHmsPLvKKSOILRg+jZTwQ="></latexit>

Ttxt�1 +Wtxt = !t

o

<latexit sha1_base64="I0C1GcOOhT/VFO1rjU952Vxm4L4="></latexit>

with QT ⌘ 0

<latexit sha1_base64="knF5xgZTFpYIb2njNOQjFXC20To=">AAAWVHiclZhvb9tEGMC9jcEIMDbQ9gLemLWVxihpUw2QJk0aXTdNohtZ1W3V6jY6O2fnlDufe3dJm3mW+DS8hU+DxHfhBc/ZjhP7zhFUamw/z+/5c/+eO9tPKJFqe/vvS5evfHD1w4+ufdz55NPPrn9+4+YXryWfiAC/Cjjl4shHElMS41eKKIqPEoER8yl+448fa/2bKRaS8PhQzRJ8wlAUk5AESIFocOMrT575E+p6Pp3g9G </latexit>

Assumptions:
<latexit sha1_base64="e//a5AUMplfg2nKF1CJTRv0rOJI="></latexit>

- Su�ciently expensive and
complete recourse

<latexit sha1_base64="FVt2hpVEZNiTZzBkfMz/NgAvDas="></latexit>

�! vt is always finite
<latexit sha1_base64="frtWvhXhbHFOx0RJ6TKbq7v/Thg="></latexit>

- Stagewise independent !t

<latexit sha1_base64="1Qm/hApwkQ53E1sylbOkrbCXSZ8="></latexit>

- The matrix of coe�cients Wt is integer

<latexit sha1_base64="y9oy9chOfdr3gl4/zZYsupaPARY="></latexit>

- E!tk!tk < +1
<latexit sha1_base64="NKsZJ/bhi3Si3l5FYDdMCdibwCM="></latexit>

�! Qt is finite



<latexit sha1_base64="+CXadsIKssQ+qGj21slwuGfUqKQ=">AAAWWniclZhbb9s2FIDV7ta6u7Tbmpe9aE0CdF3qxMEu2IACRZoWHZZ0TpC2QaPEoGRKIkyJCknbcVW97tfsdfsvA/ZjdijJsiVSxhYglnT4nQvJw0NKbkKJkDs7f1+7/t77H3z40Y2bnVsff/LpZ7fvfP5KsDH38EuPUcZPXSQwJTF+KYmk+DThGEUuxa/d0RPV/nqCuSAsPpGzBJ9HKIiJTzwkQTS4bTsuHeP0ZMoeCokCbA </latexit>

Two-stage stochastic MIPs

<latexit sha1_base64="tF1AhwRVicdcUSp+XpwULZ9kvpc=">AAAWZHiclZjrbts2FIDV7tZ53dauaP4MGLQmAbYudeKg24ACBYo0LQos7dwsbYNGiUHJlEyYEhWSduKqeoc9zf5ur7EX2HPskJJlS6SMLUAs6fA7F5KHh5T8lBIhd3b+vnL1gw8/+viTa592Prv++Rdf3rj51WvBJjzArwJGGT/2kcCUJPiVJJLi45RjFPsUv/HHj1X7mynmgrDkSM5SfBqjKCEhCZAE0eDGXU+c+xPqej6d4O </latexit>

Second-stage value function:
<latexit sha1_base64="8/t9+uhEz22bvB+Ewqz6A/uhN5s="></latexit>

v(!, x) = min
y

n
q>y : Wy = ! � Tx, y 2 Zn2

+ ⇥ Rn3
+

o

<latexit sha1_base64="oNdMzWC1VsX3K98rOCSF4joS/ug="></latexit>

2nd-stage variables

<latexit sha1_base64="LZGj9JPUvzU7SficjQmCS6LAMAs=">AAAWbHiclZjrbts2FIDdXbvs1m5r/hQDuCYZuq5N4qDbgAIFijQtCizt0qCXoFUSUPKRTJgSVZJ24qp6jz3N/m6vsJfYM+xQkmVLpIwtQCzp8DsXHpKHlPyUM6W3t/++8N77H3z40ccXP1n59LPPv/jy0uWvXigxlgE8DwQX8sinCjhL4LlmmsNRKoHGPoeX/ui+aX85AamYSJ7paQrHMY0SFrKAahSdXtrx1Bt/zInn8zFkD5 </latexit>

First-stage expected value function:
<latexit sha1_base64="DN/Nia0vI8mlaQH78AIZjmMyRik="></latexit>

Q(x) = E![v(!, x)]

<latexit sha1_base64="lZZKJzuE7zfZ2ufPNRMBTlkt44o="></latexit>

1st-stage variables
<latexit sha1_base64="axUr2+AYL+Ut0ZFzRmpceKP52Cs="></latexit>

2nd-stage feasible region
<latexit sha1_base64="BB9Vh+FHUlDFd+RwIP5KIXYM0gc="></latexit>

First stage
<latexit sha1_base64="mz8RvTCmqgCO8ieBweDgonjkFEI="></latexit>

Second stage

<latexit sha1_base64="z6IZnNO4BP7NfhDP8WV1tA/Pl8M="></latexit>x
<latexit sha1_base64="rytn2D4ianFFLOcJMAGzvKd/A9Q="></latexit>

y(!)

<latexit sha1_base64="OdMNjsWc5043QjNQuToaqbdAeyw="></latexit>!

<latexit sha1_base64="6EJsnpdJljY2FwNwHoSihptgcwM="></latexit>

Theorem (R., Schultz, van der Vlerk and Klein Haneveld, 2016)

<latexit sha1_base64="JPM40j7QmxmD23/l6Yo5CAEnfd8="></latexit>

- There exists a convex approximation Q̂(x) = E![v̂(!, x)] of Q(x)
<latexit sha1_base64="1+ynohSDG5jf7xRKTh4Tmd0Fcak="></latexit>

and a constant C such that
<latexit sha1_base64="Q+SZhMHOM0s/Vy0S3rPfQJ3qr4o="></latexit>

for all independent random vectors ! with marginal density functions fi
<latexit sha1_base64="mHPLyELKuE2GpYYocMWdCWS5528="></latexit>

kQ� Q̂k1  C
mX

i=1

|�|fi

<latexit sha1_base64="ftCNL4Bhgb9F3DMZycus8HYF/ro="></latexit>

fi

<latexit sha1_base64="9DmxjEo9HJ7CBhWSUoJAMhsH424="></latexit>

Ttxt�1 +Wtxt = !t

o
<latexit sha1_base64="M8thsLuhaqwiI80vFmZcnOy19ps="></latexit>

Stage-t value function
<latexit sha1_base64="bsPUTuDyYl4TydPJQssLMK18SBQ="></latexit>

vt(!t, xt�1) = min
xt2Xt

n
c>t xt +Qt(xt) :



<latexit sha1_base64="/8oErHftBwApiIiLwn2DnW44a44=">AAAWYniclZhbb9s2FIDV7tZ5t3ZF87I9cE0CdF3mxMEu2IACRZp2BZZ2SZC2QaPEoGRKJkyJCknbcVX9hf2avW7/Y+/7ITuUZNkSKWMLEEs6/M6F5OEhJS9hVKqdnb+vXX/n3ffe/+DGh52PPv7k089u3vr8peRj4ZMXPmdcnHpYEkZj8kJRxchpIgiOPEZeeaNHuv3VhAhJeXyiZgk5j3AY04D6WIGof/Oe67ExSX8hMRHURz </latexit>

Generic continuous value function

<latexit sha1_base64="m6QwHs+u9G8fFG65GZhn2uAprHw=">AAAWVniclZhbb9s2FIDVbl0775ZuaF+2B61JgK1LnTjoNqBAgSJNiwJLOyfoJWiUGJRMyYRJUSFpJ66ql/2avW6/Zvszww4lWbZEytgCxJLO+c6Ft0NKfkKJVDs7f1+5+sGH1z66fuPjzieffvb5F2s3v3wt+UQE+FXAKRfHPpKYkhi/UkRRfJwIjJhP8Rt//Fjr30yxkITHL9UswacMRTEJSYAUiAZr33jy3J9Q1/PpBKcH/X </latexit>

LP-relaxation:
<latexit sha1_base64="uZVw5v8u8e85P72+c05H4a5wQc4="></latexit>

vLP (!, x) = min
y

n
q>y : Wy = ! � Tx, y � 0

o

<latexit sha1_base64="tF1AhwRVicdcUSp+XpwULZ9kvpc="></latexit>

Second-stage value function:
<latexit sha1_base64="8/t9+uhEz22bvB+Ewqz6A/uhN5s="></latexit>

v(!, x) = min
y

n
q>y : Wy = ! � Tx, y 2 Zn2

+ ⇥ Rn3
+

o

<latexit sha1_base64="MPFjdvuzNZ9WJmjVjqQAINn8Z9E=">AAAWYXiclZjdbts2FIDV7q/1/tIOzU1vuCbBui5z4qDbgAIFijQtCiztkiBtg0aJQcmUTJgSFZJ24qp6hD3NbrcH2fVeZIeSLFsiZWwBYkmH3/kheXhIyUsYlWp7++9r1z/6+JNPP7txs/P5F19+9fXKrdtvJB8Ln7z2OePixMOSMBqT14oqRk4SQXDkMfLWGz3V7W8nREjK42M1TchZhMOYBtTHCkT9le9ceeGNGXI9Nibpcy </latexit>

For any basis matrix B:
<latexit sha1_base64="nHt59F2wKnC6TiOoa1Y8SaeteHU="></latexit>

vLP (!, x) = min
yB ,yN

n
q>ByB + q>NyN :

<latexit sha1_base64="izecjHQNdlSta85r1iBtophY0ds="></latexit>

ByB +NyN = ! � Tx, yB � 0, yN � 0
o

<latexit sha1_base64="0IVkbmQ3dWC42lNveKypxbX54zQ=">AAAWd3iclZhbb9s2FIDdXTvvlm5oXvYwrkmGtEucOOg2oECAIk2LAkszJ0vboFFiUDItE6ZEhaTtuKp+zX7NXren/ZS97VCSZUukjC1ALOnwOxcekoeU3IhRqXZ3/7713vsffPjRx7c/aX762edffLly56tXko+ER156nHFx7mJJGA3JS0UVI+eRIDhwGXntDp/o9tdjIiTl4ZmaRuQywH5I+9TDCkTdlX1HXrsjhn4buRLUR4 </latexit>

Substituting yB = B�1(! � Tx)�B�1NyN :

<latexit sha1_base64="BtpWu/15XJbU8LCCZyra2bUyqtc=">AAAWkXiclZhbb9s2FIDd7tZlt3TF8rIXrkmArkuTOOg2rECBIk2LAk0zJ0jboGFiUDItE6ZEhaTtuKp+2n7Inve6/YcdSrJsiZSxBYhFHX7nQh7yiJIXc6b07u6fN25+9PEnn3526/OVL7786utvVm9/+0aJkfTpa19wIc88oihnEX2tmeb0LJaUhB6nb73hU9P/dkylYiI61dOYXoQkiFif+USDqLv6Fqsrb8TRhOkBkrQ38m </latexit>

with reduced costs q̄>N := q>B � q>NB�1N � 0

<latexit sha1_base64="9ERUfVtmR/5c/shGOl0s8hJKS1Y="></latexit>

s.t.
<latexit sha1_base64="SkBTrkIvwSZmtgoZQTQDMlfGGUU="></latexit>

yN � 0

<latexit sha1_base64="qHH89oS9wWAiO0vxIVGmDgVX+pU="></latexit>

B�1(! � Tx)�B�1NyN � 0

<latexit sha1_base64="jg4NJ97ZtDYXn+Azn4HCVKi1eY4="></latexit>

vLP (!, x) = q>BB
�1(! � Tx) + min

yN

q̄>NyN



<latexit sha1_base64="9ERUfVtmR/5c/shGOl0s8hJKS1Y="></latexit>

s.t.
<latexit sha1_base64="SkBTrkIvwSZmtgoZQTQDMlfGGUU="></latexit>

yN � 0

<latexit sha1_base64="qHH89oS9wWAiO0vxIVGmDgVX+pU="></latexit>

B�1(! � Tx)�B�1NyN � 0

<latexit sha1_base64="jg4NJ97ZtDYXn+Azn4HCVKi1eY4="></latexit>

vLP (!, x) = q>BB
�1(! � Tx) + min

yN

q̄>NyN

<latexit sha1_base64="/8oErHftBwApiIiLwn2DnW44a44=">AAAWYniclZhbb9s2FIDV7tZ5t3ZF87I9cE0CdF3mxMEu2IACRZp2BZZ2SZC2QaPEoGRKJkyJCknbcVX9hf2avW7/Y+/7ITuUZNkSKWMLEEs6/M6F5OEhJS9hVKqdnb+vXX/n3ffe/+DGh52PPv7k089u3vr8peRj4ZMXPmdcnHpYEkZj8kJRxchpIgiOPEZeeaNHuv3VhAhJeXyiZgk5j3AY04D6WIGof/Oe67ExSX8hMRHURz </latexit>

Generic continuous value function

<latexit sha1_base64="yW4d6JeRV5lJufeef7Dao7GLiLA=">AAAWVHiclZhbb9s2FIDVdt06b+vaDe3D9qI1CdB1mRMH3QYUKFCkaVFgaesEvQSNEoOSKZkwKSok7cRVBezX7HX7NQP2X/awQ0mWLZEytgCxpHO+c+HtkJKfUCLV9vbfly5f+ejqx59c+7Tz2edfXP/yxs2v3kg+EQF+HXDKxZGPJKYkxq8VURQfJQIj5lP81h8/1vq3Uywk4fErNUvwCUNRTEISIAWiwY1vPHnmT6jr+XSC05 </latexit>

Observation:

<latexit sha1_base64="fXTBYSXzdMDF4ZfBURMFI5+cyGw="></latexit>

y⇤N (!, x) = 0 if B�1(! � Tx) � 0

<latexit sha1_base64="QIOlVBzEXkSojWc0fIxKhLJPURM="></latexit>

with reduced costs q̄>N := q>B � q>NB�1N � 0

<latexit sha1_base64="0jRsc4MIZnFMQCaHmoWGWic7l28="></latexit>

! � Tx 2 ⇤ :=
n
s 2 Rm : B�1s � 0

o

<latexit sha1_base64="6WtthQlJpYV9FmA/o0wtOQz1OFE="></latexit>

⇤

<latexit sha1_base64="jvwNdDUE6yDEUrx3lk4fnac0Ig8="></latexit>

closed convex cone

<latexit sha1_base64="WTe/971MERi5WPmE1v32KmEfIxw=">AAAWk3iclZjrbuS2FccnSdukTi+bBPGXfmFjG0jTje0xkhRIECDweoMF6t16jd3EydIeUNKRhhhKlEnO2LOKnq3PkQfo1+YVcihpNCORGrQGPJIOf+ciXv6iFOSCa3N8/PMbb771m9/+7u13fr/z7h/++Kc/P3jv/e+0nKsQXoZSSHUVMA2CZ/DScCPgKlfA0kDA98HskW3/fgFKc5m9MMscrlOWZDzmITNomjz4gerbYC4IDc </latexit>

Holds for all basis matrices B with reduced costs q̄>N � 0

<latexit sha1_base64="mFf/D4pOQPeH/s+0j9hqWCvZa34="></latexit>

�! Basis Decomposition Theorem



<latexit sha1_base64="9ERUfVtmR/5c/shGOl0s8hJKS1Y="></latexit>

s.t.
<latexit sha1_base64="SkBTrkIvwSZmtgoZQTQDMlfGGUU="></latexit>

yN � 0

<latexit sha1_base64="qHH89oS9wWAiO0vxIVGmDgVX+pU="></latexit>

B�1(! � Tx)�B�1NyN � 0

<latexit sha1_base64="jg4NJ97ZtDYXn+Azn4HCVKi1eY4="></latexit>

vLP (!, x) = q>BB
�1(! � Tx) + min

yN

q̄>NyN

<latexit sha1_base64="QIOlVBzEXkSojWc0fIxKhLJPURM="></latexit>

with reduced costs q̄>N := q>B � q>NB�1N � 0

<latexit sha1_base64="HLqfJSzBYFbMREJGgHobJZr5SIk="></latexit>

Basis decomposition theorem

<latexit sha1_base64="l7gJjMktSHr/pI3m6OpEpIhSeD8=">AAAWXniclZjdbts2FIDV/XSdt67thgYDdsM1CdB2mRMHXYcOKFCkaVFgaZcGaRM0SgxKpmTClKiQtBNX1QvsaXa7vcnu9ig7lGTZEiljCxBLOvzOD8nDQ0pewqhUW1t/X/no408+vfrZtc87X3x5/asbN299/VbysfDJG58zLo49LAmjMXmjqGLkOBEERx4jR97oqW4/mhAhKY8P1TQhpxEOYxpQHysQ9W+uufLcGzPkemxM0i </latexit>

Walkup and Wets (1969)
<latexit sha1_base64="Wx3zsXP/tT137bneD6tRGEk96bI="></latexit>

- There exist

<latexit sha1_base64="UDmxZSgPWBHgsazzyGp2Pv4f7Q0="></latexit>

- such that

<latexit sha1_base64="9ec7XxQUCErMm8jFPLAQXt44eOg="></latexit>

a�ne

<latexit sha1_base64="j7g4nNTfGcCBGo6+rTSOf61twZE="></latexit>

· dual feasible basis matrices Bk

<latexit sha1_base64="CLoYrl6s6o+X9Gw0wmmMtvjM34o="></latexit>

and int(⇤i) \ int(⇤j) = ;

<latexit sha1_base64="y2tO4AfBlz251sj6RS5xy4jsSSk="></latexit>

with
K[

k=1

⇤k = Rm<latexit sha1_base64="zw+CloXe1OsK9DvBMckVwhAJwxg="></latexit>

· corresponding closed convex cones ⇤k

<latexit sha1_base64="nYSPjd4xKevJJfjUx6uR7IyPAuE="></latexit>

vLP (!, x) = q>Bk(Bk)�1(! � Tx) if ! � Tx 2 ⇤k

<latexit sha1_base64="VsNpIgUmxO6HGJuyzTJB6a6QAQM="></latexit>

⇤2

<latexit sha1_base64="k9MltgLBCLZKqTpWtmS30tGETVA="></latexit>

⇤1

<latexit sha1_base64="g5wsMAKx+/1keH9ILNWQd4+Llno="></latexit>

⇤3<latexit sha1_base64="uxJom0odvVg9nMLJfWAsPUwTYEM="></latexit>

⇤4

<latexit sha1_base64="weKc3OruKgiAOIu15b0EDJoL4e0="></latexit>

⇤5

<latexit sha1_base64="bQGH7WHywdY0OMhOWipwqAiMqTo="></latexit>

⇤6

<latexit sha1_base64="FMFn4WbU5KYbKQ5Agkfb5hEuSVE="></latexit>

R2



<latexit sha1_base64="5aAB8EjzRU7MpVnoP8bqA3olr0c="></latexit>

Mixed-integer value function

<latexit sha1_base64="9ERUfVtmR/5c/shGOl0s8hJKS1Y="></latexit>

s.t.
<latexit sha1_base64="XC6+QJ5v1JQw3xcL9PTZglHRsh0="></latexit>

B�1(! � Tx)�B�1NyN 2 ZnB
+ ⇥ Rm�nB

+

<latexit sha1_base64="ISpuN3HIj0mXw8vhxmfjV+BrXd4="></latexit>

yN 2 ZnN
+ ⇥ Rn�nN

+

<latexit sha1_base64="QIOlVBzEXkSojWc0fIxKhLJPURM="></latexit>

with reduced costs q̄>N := q>B � q>NB�1N � 0

<latexit sha1_base64="1vB4++1XtS2aurO62NiZ/+8+fQI="></latexit>

v(!, x) = q>BB
�1(! � Tx) + min

yN

q̄>NyN

<latexit sha1_base64="ELdANby01TLH1tDP5e5Fog576V8="></latexit>

periodic
<latexit sha1_base64="9ec7XxQUCErMm8jFPLAQXt44eOg="></latexit>

a�ne

<latexit sha1_base64="Wx3zsXP/tT137bneD6tRGEk96bI="></latexit>

- There exist

<latexit sha1_base64="UDmxZSgPWBHgsazzyGp2Pv4f7Q0="></latexit>

- such that

<latexit sha1_base64="j7g4nNTfGcCBGo6+rTSOf61twZE="></latexit>

· dual feasible basis matrices Bk

<latexit sha1_base64="CLoYrl6s6o+X9Gw0wmmMtvjM34o="></latexit>

and int(⇤i) \ int(⇤j) = ;

<latexit sha1_base64="y2tO4AfBlz251sj6RS5xy4jsSSk="></latexit>

with
K[

k=1

⇤k = Rm<latexit sha1_base64="zw+CloXe1OsK9DvBMckVwhAJwxg="></latexit>

· corresponding closed convex cones ⇤k

<latexit sha1_base64="rGVUw9KF+Ez7t8QGDDMX+1ZO6Qw=">AAAWbHiclZjrbts2FIDd7tZlt3Zb86cYwDXJkHaZExtdhw4oUKRpV2BplwRpGzRKAkqmZcKkqJC0E1fVe+xp9nd7hb3EnmGHkixbImVsAWJJh9+58JA8pOTHjCq9tfX3lavvvf/Bhx9d+3jpk08/+/yL6ze+fKXESAbkZSCYkEc+VoTRiLzUVDNyFEuCuc/Ia3/42LS/HhOpqIgO9SQmJxyHEe3TAGsQnV3veurcHzHk+WxEkl </latexit>

Gomory (1969) and R. et al. (2016)

<latexit sha1_base64="JQQ6p8pp/Y60S8oLW7cjajSaIdU="></latexit>

· distances dk
<latexit sha1_base64="lNOFmBl+1VzLjBZRjgSXC5vEc1g="></latexit>

· periodic functions  k

<latexit sha1_base64="1eqYTDDItV7BAVAtbpm46pBgcgQ="></latexit>

v(!, x) = q>Bk(Bk)�1(! � Tx) +  k(!, x)
<latexit sha1_base64="xLz1c7nVPFpqxRPOyoIUvKAXhHw="></latexit>

if ! � Tx 2 ⇤k(dk)

<latexit sha1_base64="VsNpIgUmxO6HGJuyzTJB6a6QAQM="></latexit>

⇤2

<latexit sha1_base64="k9MltgLBCLZKqTpWtmS30tGETVA="></latexit>

⇤1

<latexit sha1_base64="g5wsMAKx+/1keH9ILNWQd4+Llno="></latexit>

⇤3<latexit sha1_base64="uxJom0odvVg9nMLJfWAsPUwTYEM="></latexit>

⇤4

<latexit sha1_base64="weKc3OruKgiAOIu15b0EDJoL4e0="></latexit>

⇤5

<latexit sha1_base64="bQGH7WHywdY0OMhOWipwqAiMqTo="></latexit>

⇤6

<latexit sha1_base64="FMFn4WbU5KYbKQ5Agkfb5hEuSVE="></latexit>

R2

<latexit sha1_base64="dubcQHjK6nlSKtNNvsLimLic77c="></latexit>

Points in ⇤k with at least distance dk
to the boundary of ⇤k



<latexit sha1_base64="Wx3zsXP/tT137bneD6tRGEk96bI="></latexit>

- There exist

<latexit sha1_base64="UDmxZSgPWBHgsazzyGp2Pv4f7Q0="></latexit>

- such that

<latexit sha1_base64="j7g4nNTfGcCBGo6+rTSOf61twZE="></latexit>

· dual feasible basis matrices Bk

<latexit sha1_base64="CLoYrl6s6o+X9Gw0wmmMtvjM34o="></latexit>

and int(⇤i) \ int(⇤j) = ;

<latexit sha1_base64="y2tO4AfBlz251sj6RS5xy4jsSSk="></latexit>

with
K[

k=1

⇤k = Rm<latexit sha1_base64="zw+CloXe1OsK9DvBMckVwhAJwxg="></latexit>

· corresponding closed convex cones ⇤k

<latexit sha1_base64="5aAB8EjzRU7MpVnoP8bqA3olr0c="></latexit>

Mixed-integer value function

<latexit sha1_base64="9ERUfVtmR/5c/shGOl0s8hJKS1Y="></latexit>

s.t.
<latexit sha1_base64="XC6+QJ5v1JQw3xcL9PTZglHRsh0="></latexit>

B�1(! � Tx)�B�1NyN 2 ZnB
+ ⇥ Rm�nB

+

<latexit sha1_base64="ISpuN3HIj0mXw8vhxmfjV+BrXd4="></latexit>

yN 2 ZnN
+ ⇥ Rn�nN

+

<latexit sha1_base64="QIOlVBzEXkSojWc0fIxKhLJPURM="></latexit>

with reduced costs q̄>N := q>B � q>NB�1N � 0

<latexit sha1_base64="1vB4++1XtS2aurO62NiZ/+8+fQI="></latexit>

v(!, x) = q>BB
�1(! � Tx) + min

yN

q̄>NyN

<latexit sha1_base64="rGVUw9KF+Ez7t8QGDDMX+1ZO6Qw=">AAAWbHiclZjrbts2FIDd7tZlt3Zb86cYwDXJkHaZExtdhw4oUKRpV2BplwRpGzRKAkqmZcKkqJC0E1fVe+xp9nd7hb3EnmGHkixbImVsAWJJh9+58JA8pOTHjCq9tfX3lavvvf/Bhx9d+3jpk08/+/yL6ze+fKXESAbkZSCYkEc+VoTRiLzUVDNyFEuCuc/Ia3/42LS/HhOpqIgO9SQmJxyHEe3TAGsQnV3veurcHzHk+WxEkl </latexit>

Gomory (1969) and R. et al. (2016)

<latexit sha1_base64="ELdANby01TLH1tDP5e5Fog576V8="></latexit>

periodic
<latexit sha1_base64="9ec7XxQUCErMm8jFPLAQXt44eOg="></latexit>

a�ne

<latexit sha1_base64="JQQ6p8pp/Y60S8oLW7cjajSaIdU="></latexit>

· distances dk
<latexit sha1_base64="lNOFmBl+1VzLjBZRjgSXC5vEc1g="></latexit>

· periodic functions  k

<latexit sha1_base64="1eqYTDDItV7BAVAtbpm46pBgcgQ="></latexit>

v(!, x) = q>Bk(Bk)�1(! � Tx) +  k(!, x)
<latexit sha1_base64="xLz1c7nVPFpqxRPOyoIUvKAXhHw="></latexit>

if ! � Tx 2 ⇤k(dk)

<latexit sha1_base64="dubcQHjK6nlSKtNNvsLimLic77c="></latexit>

Points in ⇤k with at least distance dk
to the boundary of ⇤k

<latexit sha1_base64="J6o7lepkakEkOqG8nj3XaNCoJV8="></latexit>

⇤1(d1)

<latexit sha1_base64="7ljx25gf9S1En0XhH6SXJJHtNho="></latexit>

⇤2(d2)

<latexit sha1_base64="PwIt8SWgJZ4wbo6lxPkv6SmV+xQ="></latexit>

⇤3(d3)
<latexit sha1_base64="+YNC31GD+FyluvwLQOcaMzEdKWs="></latexit>

⇤4(d4)

<latexit sha1_base64="tXOxnfM7DsdyT57cZOayduB984c="></latexit>

⇤5(d5)

<latexit sha1_base64="j/aiQsok0i2p9aAeapFbdNKvlEA="></latexit>

⇤6(d6)

<latexit sha1_base64="FMFn4WbU5KYbKQ5Agkfb5hEuSVE="></latexit>

R2



<latexit sha1_base64="5aAB8EjzRU7MpVnoP8bqA3olr0c="></latexit>

Mixed-integer value function

<latexit sha1_base64="9ERUfVtmR/5c/shGOl0s8hJKS1Y="></latexit>

s.t.
<latexit sha1_base64="XC6+QJ5v1JQw3xcL9PTZglHRsh0="></latexit>

B�1(! � Tx)�B�1NyN 2 ZnB
+ ⇥ Rm�nB

+

<latexit sha1_base64="ISpuN3HIj0mXw8vhxmfjV+BrXd4="></latexit>

yN 2 ZnN
+ ⇥ Rn�nN

+

<latexit sha1_base64="QIOlVBzEXkSojWc0fIxKhLJPURM="></latexit>

with reduced costs q̄>N := q>B � q>NB�1N � 0

<latexit sha1_base64="1vB4++1XtS2aurO62NiZ/+8+fQI="></latexit>

v(!, x) = q>BB
�1(! � Tx) + min

yN

q̄>NyN

<latexit sha1_base64="J6o7lepkakEkOqG8nj3XaNCoJV8="></latexit>

⇤1(d1)

<latexit sha1_base64="7ljx25gf9S1En0XhH6SXJJHtNho="></latexit>

⇤2(d2)

<latexit sha1_base64="PwIt8SWgJZ4wbo6lxPkv6SmV+xQ="></latexit>

⇤3(d3)
<latexit sha1_base64="+YNC31GD+FyluvwLQOcaMzEdKWs="></latexit>

⇤4(d4)

<latexit sha1_base64="tXOxnfM7DsdyT57cZOayduB984c="></latexit>

⇤5(d5)

<latexit sha1_base64="j/aiQsok0i2p9aAeapFbdNKvlEA="></latexit>

⇤6(d6)

<latexit sha1_base64="FMFn4WbU5KYbKQ5Agkfb5hEuSVE="></latexit>

R2

<latexit sha1_base64="MOsWa0L4i+hbCmzbx1xGSz4zPDo="></latexit>

Intuition asymptotic convexity Q
<latexit sha1_base64="UbMu0k7qEwh6fJ3FPF8RkKUvOjA="></latexit>

- Area N :=
SK

k=1

⇣
⇤k\⇤k(dk)

⌘
<latexit sha1_base64="crsCevEWqvF8EtP2gRvKO25568s="></latexit>

is “small”

<latexit sha1_base64="6Va7Qw/WwhK6Bb8VbkmZy6YOzXo="></latexit>

N

<latexit sha1_base64="thOWHm9x9WJzF9dLBR4zzuhWLvo="></latexit>

- For every ⇤k(dk):

<latexit sha1_base64="TLvbNgxU7c0KKuqO/cgKJ5HiobM="></latexit>

· Total variation error bound for periodic functions



<latexit sha1_base64="F+DTQWzzUwLHFf/I0gGXYLndud8=">AAAWUXiclZhbb9s2FIDV7ta5u7Qb2j3sRWsSYOsyJw52wQYUKNK06LCkc7K0DRolBiVTMmFSVEjaiavq1+x1+zV72k/Z2w4lWbZEytgCxJIOv3MheXhIyU8okWp7++9r1996+51337vxfufmBx9+9PGt25+8kHwiAvw84JSLEx9JTEmMnyuiKD5JBEbMp/ilP36k219OsZCEx8dqluAzhqKYhCRACkSDW595Pp3g9GBCFThDEX </latexit>

Multistage SMIPs

<latexit sha1_base64="oNdMzWC1VsX3K98rOCSF4joS/ug="></latexit>

2nd-stage variables
<latexit sha1_base64="lZZKJzuE7zfZ2ufPNRMBTlkt44o="></latexit>

1st-stage variables
<latexit sha1_base64="axUr2+AYL+Ut0ZFzRmpceKP52Cs="></latexit>

2nd-stage feasible region

<latexit sha1_base64="D2yh9r/FGpFinArkEsYISpyRY7M=">AAAWX3iclZjdbts2FIDd7qedt3XphgYYdsM1CdB1mRMH3QYUKFCkaVdgaecEaRs0SgxKpmTClKiQtB1X1RPsaXa7Pcku9yY7lGTZEiljCxBLOvzODw/JQ0puzKhUu7t/X7v+wYcffXzj5iftTz/7/NYXa7e/fC35WHjklccZF6culoTRiLxSVDFyGguCQ5eRN+7oiW5/MyFCUh6dqFlMzkMcRNSnHlYg6q9tOfLSHTPkuGxMkl </latexit>

Generic value function:
<latexit sha1_base64="RigLMa+pHDAN8/O1gBVPmePyaxw="></latexit>

v(!, x) = min
y

n
q>y +Q(y) : Wy = ! � Tx, y 2 Zn2

+ ⇥ Rn3
+

o

<latexit sha1_base64="CLnuI0xx6m2uzdwD8AEDMjWQuOs="></latexit>

Expected cost-to-go function
<latexit sha1_base64="loovTDCqZHLX7oaaxahXgbMddlY=">AAAWU3iclZhvb9tEGMC9MWAEBhtokxBvzNpKMEraVAOkSZNG102T6EZadVu1uo3Oztk55c7n3l3SZp7Fp+EtfBpe8Fl4w3O248S+cwSVGtvP83v+3L/nzvYTSqTa3v77ytX3rr3/wYfXP+p8/MmNTz+7eevzV5JPRIBfBpxycewjiSmJ8UtFFMXHicCI+RS/9sePtf71FAtJeHykZgk+ZSiKSUgCpEA0uPmlJ8/9CXU9n05w+r </latexit>

Assumption:
<latexit sha1_base64="VLpBhNsbTSrnX5sRoE49hzWfF58="></latexit>

- Expected cost to-go-function Q is convex polyhedral
<latexit sha1_base64="VBbliN66UWASH3CraT7HcWAxFng="></latexit>

· Holds if x⌧ is continuous and !⌧ discrete for ⌧ = t+ 1, . . . , T
<latexit sha1_base64="ARlftc8auhBAsBBfWuOvNlagmxQ="></latexit>

· Holds if Q can be approximated well by a convex approximation Q̂

<latexit sha1_base64="BB9Vh+FHUlDFd+RwIP5KIXYM0gc="></latexit>

First stage
<latexit sha1_base64="mz8RvTCmqgCO8ieBweDgonjkFEI="></latexit>

Second stage
<latexit sha1_base64="yjWtxsSPM6rAka7NHSbDz8kFAdw="></latexit>

Stage T

<latexit sha1_base64="kp5xarZGZfGaCTpOMBPaAZ1ZjBM="></latexit>· · ·
<latexit sha1_base64="jUETJ4UTM7ncSIG8C/NG1esXBJQ="></latexit>x1

<latexit sha1_base64="3tDJhhFLTuq/gG/7df1oqzzQtQo="></latexit>

x2(!
2)

<latexit sha1_base64="0UB7O/eXxV4Mai7TZwAOYJ+dMCQ="></latexit>

xT (!
T )

<latexit sha1_base64="qV4aWxDpNTTPtTKefAtJSJQBomU="></latexit>!2
<latexit sha1_base64="PvhJnA4PHbLMGjPOb04HS6DrMuU="></latexit>!3

<latexit sha1_base64="x93JQqVgadzypzUFF7egTT6ZB8s="></latexit>!T

<latexit sha1_base64="VdmxO1BiWX91wXRMMhUqMmVAj0U="></latexit>

�! Q(y) = min
✓

✓
<latexit sha1_base64="9ERUfVtmR/5c/shGOl0s8hJKS1Y="></latexit>

s.t.
<latexit sha1_base64="z3t3zk81bji1Dxvh3dDQ0MIJUhM="></latexit>

✓ � �>
r y + hr

<latexit sha1_base64="tyo63PnqyMv5E6WBSpljMtFWdCQ="></latexit>

8r = 1, . . . , R

<latexit sha1_base64="qBtT5v1DNmofsTLtZPFxYPX2SXg="></latexit>

does not depend on ! and x

<latexit sha1_base64="9DmxjEo9HJ7CBhWSUoJAMhsH424="></latexit>

Ttxt�1 +Wtxt = !t

o
<latexit sha1_base64="M8thsLuhaqwiI80vFmZcnOy19ps="></latexit>

Stage-t value function
<latexit sha1_base64="bsPUTuDyYl4TydPJQssLMK18SBQ="></latexit>

vt(!t, xt�1) = min
xt2Xt

n
c>t xt +Qt(xt) :

<latexit sha1_base64="fv3E0DqFF0DEp0gsL+JYFr5vrIA=">AAAWbXiclZjrbts2FIC9+5bdug3tnw0D1yTYrUvi7AYUKDC0aVdg6ZYG7RasSgJKPpIJk6JK0k5cTQ+yp9nf7RH2FHuFHUqybImUsQWIJR1+58JD8pBSmHGmzd7e3889/8KLL738yquvbbz+xptvvX3lnXd/1nKqIngcSS7VSUg1cJbCY8MMh5NMARUhh1/CyR3b/ssMlGYyfWTmGZwKmqQsZhE1KDq/8mWgn4ZTToKQTyH/Hl </latexit>

Generic mixed-integer value function:
<latexit sha1_base64="R/F09HePtasnMffva4u8Pk7+WMo="></latexit>

v(!, x) = min
y

n
q>y : Wy =

✓
h

! � Tx

◆
, y 2 Zn2

+ ⇥ Rn3
+

o

<latexit sha1_base64="KDwSJuUx92hug43uux/Q+DeLKnA="></latexit>

✓ � �>
r y + hr

<latexit sha1_base64="s4M41JI1deIzStpquRh5JLtmqfQ="></latexit>

Q(y)

✓ #
<latexit sha1_base64="cRcZvbmLrWXCsnEMvGojEdw9XZU="></latexit><latexit sha1_base64="cRcZvbmLrWXCsnEMvGojEdw9XZU="></latexit><latexit sha1_base64="cRcZvbmLrWXCsnEMvGojEdw9XZU="></latexit><latexit sha1_base64="cRcZvbmLrWXCsnEMvGojEdw9XZU="></latexit>



<latexit sha1_base64="Vz406S/GIlm0davUfZ4IFknUDkE=">AAAWZXiclZjrbts2FIDdXbts3dptzZ/9mNYkQNdLEge7YAMKFG3aFVjapUHaBq2SgJKPZMKkqJK0E1fVQ+xp9nd7jD3BXmOHkixbImVsAWJJh9+5kDw8pBSkjCq9vf33hXfefe/9Dz68+NHKx59c+vSzy1c+f67EWIbwLBRMyKOAKGA0gWeaagZHqQTCAwYvgtF90/5iAlJRkRzqaQrHnMQJjWhINIpOL9/0AzaG7BdIQNLQ4/ </latexit>

Generic mixed-integer value function

<latexit sha1_base64="Od75MJxaavIDE2NET4kUgX0MBKw=">AAAWU3iclZhvb9w0GMCzMWAcDDbQJiHehLWVxijXXjVAmjRp6rppEt24Vt1WrWlPTs7JWWfHqe279pZFfBrewqfhBZ+FNzxOcrlL7JygUi/J49/zx/bjx078hBKptrf/vnL1g2sffvTx9U86n3524/Mvbt768rXkExHgVwGnXBz7SGJKYvxKEUXxcSIwYj7Fb/zxE93+ZoqFJDw+UrMEnzIUxSQkAVIgGtz82pPn/oS6nk8nON </latexit>

Definition:

<latexit sha1_base64="J6o7lepkakEkOqG8nj3XaNCoJV8="></latexit>

⇤1(d1)

<latexit sha1_base64="7ljx25gf9S1En0XhH6SXJJHtNho="></latexit>

⇤2(d2)

<latexit sha1_base64="PwIt8SWgJZ4wbo6lxPkv6SmV+xQ="></latexit>

⇤3(d3)
<latexit sha1_base64="+YNC31GD+FyluvwLQOcaMzEdKWs="></latexit>

⇤4(d4)

<latexit sha1_base64="tXOxnfM7DsdyT57cZOayduB984c="></latexit>

⇤5(d5)

<latexit sha1_base64="j/aiQsok0i2p9aAeapFbdNKvlEA="></latexit>

⇤6(d6)

<latexit sha1_base64="FMFn4WbU5KYbKQ5Agkfb5hEuSVE="></latexit>

R2

<latexit sha1_base64="a8JzwTPWPVEj06cBmueLGDP8S7g="></latexit>

h

<latexit sha1_base64="R/F09HePtasnMffva4u8Pk7+WMo="></latexit>

v(!, x) = min
y

n
q>y : Wy =

✓
h

! � Tx

◆
, y 2 Zn2

+ ⇥ Rn3
+

o



<latexit sha1_base64="Vz406S/GIlm0davUfZ4IFknUDkE=">AAAWZXiclZjrbts2FIDdXbts3dptzZ/9mNYkQNdLEge7YAMKFG3aFVjapUHaBq2SgJKPZMKkqJK0E1fVQ+xp9nd7jD3BXmOHkixbImVsAWJJh9+5kDw8pBSkjCq9vf33hXfefe/9Dz68+NHKx59c+vSzy1c+f67EWIbwLBRMyKOAKGA0gWeaagZHqQTCAwYvgtF90/5iAlJRkRzqaQrHnMQJjWhINIpOL9/0AzaG7BdIQNLQ4/ </latexit>

Generic mixed-integer value function
<latexit sha1_base64="J6o7lepkakEkOqG8nj3XaNCoJV8="></latexit>

⇤1(d1)

<latexit sha1_base64="7ljx25gf9S1En0XhH6SXJJHtNho="></latexit>

⇤2(d2)

<latexit sha1_base64="PwIt8SWgJZ4wbo6lxPkv6SmV+xQ="></latexit>

⇤3(d3)
<latexit sha1_base64="+YNC31GD+FyluvwLQOcaMzEdKWs="></latexit>

⇤4(d4)

<latexit sha1_base64="tXOxnfM7DsdyT57cZOayduB984c="></latexit>

⇤5(d5)

<latexit sha1_base64="j/aiQsok0i2p9aAeapFbdNKvlEA="></latexit>

⇤6(d6)

<latexit sha1_base64="FMFn4WbU5KYbKQ5Agkfb5hEuSVE="></latexit>

R2

<latexit sha1_base64="a8JzwTPWPVEj06cBmueLGDP8S7g="></latexit>

h

<latexit sha1_base64="Od75MJxaavIDE2NET4kUgX0MBKw=">AAAWU3iclZhvb9w0GMCzMWAcDDbQJiHehLWVxijXXjVAmjRp6rppEt24Vt1WrWlPTs7JWWfHqe279pZFfBrewqfhBZ+FNzxOcrlL7JygUi/J49/zx/bjx078hBKptrf/vnL1g2sffvTx9U86n3524/Mvbt768rXkExHgVwGnXBz7SGJKYvxKEUXxcSIwYj7Fb/zxE93+ZoqFJDw+UrMEnzIUxSQkAVIgGtz82pPn/oS6nk8nON </latexit>

Definition:

<latexit sha1_base64="FEHf6w1fcBrZ6ORmIyUBJvEfIbk="></latexit>

For fixed x and h

<latexit sha1_base64="R/F09HePtasnMffva4u8Pk7+WMo="></latexit>

v(!, x) = min
y

n
q>y : Wy =

✓
h

! � Tx

◆
, y 2 Zn2

+ ⇥ Rn3
+

o



<latexit sha1_base64="Vz406S/GIlm0davUfZ4IFknUDkE=">AAAWZXiclZjrbts2FIDdXbts3dptzZ/9mNYkQNdLEge7YAMKFG3aFVjapUHaBq2SgJKPZMKkqJK0E1fVQ+xp9nd7jD3BXmOHkixbImVsAWJJh9+5kDw8pBSkjCq9vf33hXfefe/9Dz68+NHKx59c+vSzy1c+f67EWIbwLBRMyKOAKGA0gWeaagZHqQTCAwYvgtF90/5iAlJRkRzqaQrHnMQJjWhINIpOL9/0AzaG7BdIQNLQ4/ </latexit>

Generic mixed-integer value function
<latexit sha1_base64="J6o7lepkakEkOqG8nj3XaNCoJV8="></latexit>

⇤1(d1)

<latexit sha1_base64="7ljx25gf9S1En0XhH6SXJJHtNho="></latexit>

⇤2(d2)

<latexit sha1_base64="PwIt8SWgJZ4wbo6lxPkv6SmV+xQ="></latexit>

⇤3(d3)
<latexit sha1_base64="+YNC31GD+FyluvwLQOcaMzEdKWs="></latexit>

⇤4(d4)

<latexit sha1_base64="tXOxnfM7DsdyT57cZOayduB984c="></latexit>

⇤5(d5)

<latexit sha1_base64="j/aiQsok0i2p9aAeapFbdNKvlEA="></latexit>

⇤6(d6)

<latexit sha1_base64="FMFn4WbU5KYbKQ5Agkfb5hEuSVE="></latexit>

R2

<latexit sha1_base64="a8JzwTPWPVEj06cBmueLGDP8S7g="></latexit>

h

<latexit sha1_base64="Od75MJxaavIDE2NET4kUgX0MBKw=">AAAWU3iclZhvb9w0GMCzMWAcDDbQJiHehLWVxijXXjVAmjRp6rppEt24Vt1WrWlPTs7JWWfHqe279pZFfBrewqfhBZ+FNzxOcrlL7JygUi/J49/zx/bjx078hBKptrf/vnL1g2sffvTx9U86n3524/Mvbt768rXkExHgVwGnXBz7SGJKYvxKEUXxcSIwYj7Fb/zxE93+ZoqFJDw+UrMEnzIUxSQkAVIgGtz82pPn/oS6nk8nON </latexit>

Definition:

<latexit sha1_base64="LM5DXLWx3+V7SHit2lHSIIGVngg=">AAAWVXiclZhbb9s2FIDVrus679J2Q/vSF61JgK7LnDjoNqBAgSJNiwJLWyfoJWiUGJRMyYRJUSFpJ66qh/2avW6/ZtiPGbBDSZYtkTK2ALGkc75z4e2Qkp9QItX29t+XLn9y5dOrn137vPPFl199ff3GzW/eSj4RAX4TcMrFkY8kpiTGbxRRFB8lAiPmU/zOHz/R+ndTLCTh8Ws1S/AJQ1FMQhIgBaLBjTuePPMn1PV8OsHpK1 </latexit>

Observations:

<latexit sha1_base64="tNQadvA28mZb6gx3MkiGv/hwPFE="></latexit>

- Need to derive additional properties of v(!, x)
<latexit sha1_base64="cq3es360qVdWfiGcqVEdHtZ4WyU="></latexit>

when right-hand side is partially uncertain

<latexit sha1_base64="0cfp0A57s4UDGwlN1uf+L2JAd1E=">AAAWU3iclZhvb9w0GMCzMWAcDDbQJiHehLWVxijXXjVAmjRp6rppEt24Vt1WrWlPTs7JWWfHqe279pZFfBrewqfhBZ+FNzxOcrlL7JygUi/J49/zx/bjx078hBKptrf/vnL1g2sffvTx9U86n3524/Mvbt768rXkExHgVwGnXBz7SGJKYvxKEUXxcSIwYj7Fb/zxE93+ZoqFJDw+UrMEnzIUxSQkAVIgGtz82pPn/oS6nk8nOH </latexit>

Next steps:
<latexit sha1_base64="sT7t6ciSdPjr/qf4spOj69HPfbw="></latexit>

- Prove asymptotic periodicity for v(!, x) with partial r.h.s. uncertainty

<latexit sha1_base64="FEHf6w1fcBrZ6ORmIyUBJvEfIbk="></latexit>

For fixed x and h

<latexit sha1_base64="YJVTkrPzqvF4Z2c5PtQSj91qgx0="></latexit>

· Requires new Adapted Gomory relaxation

<latexit sha1_base64="R/F09HePtasnMffva4u8Pk7+WMo="></latexit>

v(!, x) = min
y

n
q>y : Wy =

✓
h

! � Tx

◆
, y 2 Zn2

+ ⇥ Rn3
+

o



<latexit sha1_base64="2g/BEAHdq435Bi3bs4qs5kJB7U8="></latexit>

v(!, x) = q>BB
�1

✓
h

! � Tx

◆
+min

yN

<latexit sha1_base64="25Jo8iusveQqtMCWkX6Z1gThvJY="></latexit>

q̄>NyN

<latexit sha1_base64="9ERUfVtmR/5c/shGOl0s8hJKS1Y="></latexit>

s.t.
<latexit sha1_base64="ISpuN3HIj0mXw8vhxmfjV+BrXd4="></latexit>

yN 2 ZnN
+ ⇥ Rn�nN

+

<latexit sha1_base64="WxcGG2nHu0YPxLWpAu+x2NvUg04=">AAAWUniclZhbb9s2FIDVdpfO67Z2Q4sBe9GaBOi6zImDXbABBYo07Qos7ZwgbYNGiUHJlEyYFBWSduKq2q/Z6/Zr9rK/sqcdSrJsiZSxBYglHX7nQvLwkJKfUCLV9vbfV65ee+fd996//kHnwxsfffzJzVufvpR8IgL8IuCUi2MfSUxJjF8ooig+TgRGzKf4lT9+pNtfTbGQhMdHapbgU4aimIQkQApEg5ufez6d4PRnzriYuQ </latexit>

Gomory relaxation

<latexit sha1_base64="fgOyBkO00zJeTSEb8/nro8p9Mlg="></latexit>

- Relax non-negativity of (yB)i if i /2 I

<latexit sha1_base64="25Jo8iusveQqtMCWkX6Z1gThvJY="></latexit>

q̄>NyN

<latexit sha1_base64="9ERUfVtmR/5c/shGOl0s8hJKS1Y="></latexit>

s.t.

<latexit sha1_base64="jvRR4UQpk0lfpfQcUMb1Acc0YU4="></latexit>

B�1

✓
h

! � Tx

◆
�B�1NyN 2 ZnB ⇥ Rm�nB

<latexit sha1_base64="ISpuN3HIj0mXw8vhxmfjV+BrXd4="></latexit>

yN 2 ZnN
+ ⇥ Rn�nN

+

<latexit sha1_base64="/29lHnCfuNUJkimw47SOaCPcE7U="></latexit>

vB(!, x) = q>BB
�1

✓
h

! � Tx

◆
+min

yN

<latexit sha1_base64="Q6JT4A8zW4AhVaihI0Ez09EPMrg="></latexit>

e>i B
�1
h h� e>i B

�1NyN � 0 8i 2 I

<latexit sha1_base64="zLpYfnD+Uv7HDCE66UTntk3PcaY=">AAAWbniclZjrbts2FIDdXTvv1m5o/gzDtCYB0i5z4qDbgAIFujTtCiztnCBtg0aJQUm0TJgUFZJ27Kp6kT3N/m5vsLfYI+xQkmVLpIwtQCzp8DsXHpKHlLyYEql2d/++9s67773/wYfXP2p//Mmnn31+4+YXLyUfCx+/8Dnl4tRDElMS4ReKKIpPY4ER8yh+5Y0e6fZXEywk4dGJmsX4nKEwIgPiIwWi/o17rrz0xtRxPTrGyc </latexit>

Adapted Gomory relaxation vB(!, x):

<latexit sha1_base64="J6o7lepkakEkOqG8nj3XaNCoJV8="></latexit>

⇤1(d1)

<latexit sha1_base64="7ljx25gf9S1En0XhH6SXJJHtNho="></latexit>

⇤2(d2)

<latexit sha1_base64="PwIt8SWgJZ4wbo6lxPkv6SmV+xQ="></latexit>

⇤3(d3)
<latexit sha1_base64="+YNC31GD+FyluvwLQOcaMzEdKWs="></latexit>

⇤4(d4)

<latexit sha1_base64="tXOxnfM7DsdyT57cZOayduB984c="></latexit>

⇤5(d5)

<latexit sha1_base64="j/aiQsok0i2p9aAeapFbdNKvlEA="></latexit>

⇤6(d6)

<latexit sha1_base64="FMFn4WbU5KYbKQ5Agkfb5hEuSVE="></latexit>

R2

<latexit sha1_base64="a8JzwTPWPVEj06cBmueLGDP8S7g="></latexit>

h

<latexit sha1_base64="HK1Z3uWP5mCb1M+Cu7UCtoU4IcY="></latexit>

B�1

✓
h

! � Tx

◆
�B�1NyN 2 ZnB

+ ⇥ Rm�nB
+

<latexit sha1_base64="aHKFDj/EHqO89XhOcS7eP2EdNGY=">AAAWdXiclZhbb9s2FIDVXbvslm5oXoYBWuMMbZc5cdBtQIcCRZoWHZZ2SZC2QaPEoGRKJkyKCkk7cVX9mP2avW6P+yV73aEky5ZIGVuAWNLhdy48JA8p+QklUm1v/33tnXffe/+DD69/tPLxJ59+9vnqjS9eSj4WAX4RcMrFiY8kpiTGLxRRFJ8kAiPmU/zKHz3S7a8mWEjC42M1TfAZQ1FMQhIgBaL+6s+evPDH1PV8OsbpLw </latexit>

Identify critical basic variables (yB)i:
<latexit sha1_base64="3K9eaZu62dWkRyvGgSTV+bCmP6A="></latexit>

- Write B�1 =
�
B�1

h B�1
!

�

<latexit sha1_base64="S1c2Z4zG2+cVgzI4bthx76F38ZE="></latexit>

- Define i 2 I , (B�1
! )i = 0

<latexit sha1_base64="2cSJck/tB5FeLVBsAf15gSLiP+k="></latexit>

�! yB = B�1
h h+B�1

! (! � Tx)�B�1NyN

<latexit sha1_base64="fnqpX+lKOeyvP+9OBVgYb99W6Qg="></latexit>

i-th unit vector



<latexit sha1_base64="KLGVK3HPAtn1A/QF7x++6nRHOMk="></latexit>

Properties of optimal solutions y?N (!, x):

<latexit sha1_base64="9KkpP8gtem4HJ+82FSheXbm3AZ0=">AAAWWniclZhbb9s2FIDd7ta6u7Tbmpe9aE0CdF3mxMEu2IACXZp2BZZ2bpC2QaPEoCRKJkyKCkk7cVW97tfsdfsvA/ZjdijJsiVSxhYglnT4nQvJw0NKXkKJVDs7f1+5+s67773/wbXr3RsffvTxJzdvffpS8onw8QufUy6OPSQxJTF+oYii+DgRGDGP4lfe+KFufzXFQhIeH6lZgk8ZimISEh8pEA1vOq5HJzj9OUCJwoHzC2 </latexit>

Adapted Gomory relaxation

<latexit sha1_base64="5PflFwpUPlun+rV6sTqmG3LV2rQ="></latexit>

Adapted Gomory relaxation:
<latexit sha1_base64="25Jo8iusveQqtMCWkX6Z1gThvJY="></latexit>

q̄>NyN

<latexit sha1_base64="9ERUfVtmR/5c/shGOl0s8hJKS1Y="></latexit>

s.t.

<latexit sha1_base64="jvRR4UQpk0lfpfQcUMb1Acc0YU4="></latexit>

B�1

✓
h

! � Tx

◆
�B�1NyN 2 ZnB ⇥ Rm�nB

<latexit sha1_base64="ISpuN3HIj0mXw8vhxmfjV+BrXd4="></latexit>

yN 2 ZnN
+ ⇥ Rn�nN

+

<latexit sha1_base64="/29lHnCfuNUJkimw47SOaCPcE7U="></latexit>

vB(!, x) = q>BB
�1

✓
h

! � Tx

◆
+min

yN

<latexit sha1_base64="Q6JT4A8zW4AhVaihI0Ez09EPMrg="></latexit>

e>i B
�1
h h� e>i B

�1NyN � 0 8i 2 I

<latexit sha1_base64="0UdMRXmtNg5ZDYm0po9cH4E+u3k="></latexit>

- For every x:

<latexit sha1_base64="n+gTZ0TvjdP7tOAWjhTs8wZEbjs="></latexit>

· uniformly bounded
<latexit sha1_base64="3k/NASh6JFsO9k8xC5Oj4iQ1DLI="></latexit>

· Optimal for v(!, x) if (y?B(!, x))i � 0 for all i /2 I

<latexit sha1_base64="GyhBR5OOHZ3YAMiu/n7mR4Sz3Mw="></latexit>

· | detB|-periodic in !



<latexit sha1_base64="SMG/qG7JUMe1Vo//vpyqxgasROs=">AAAWXXiclZjdbts2FIDVbt26rOvaDc0udqM1CdB2mRMH+8EGFCjStCiwtHODtA0aJQYlUzJhUlRI2o6r6gH2NLvdHmVXe5UdSrJsiZSxBYglHX7nh+ThISU/oUSq3d2/r1z94MNrH318/ZO1T298dvPzW7e/eC35WAT4VcApFyc+kpiSGL9SRFF8kgiMmE/xG3/0WLe/mWAhCY+P1SzBZwxFMQlJgBSI+rc2PJ+OcdrDgvABCY </latexit>

Periodicity of y⇤N (!, x)

<latexit sha1_base64="jJvs66ymY92rj3H/X0LdoHW1xLc="></latexit>

Definition

<latexit sha1_base64="SgmhVCGqgWj7ecSQ8YxwMHpMsTI="></latexit>

'
�
s+ pl

�
= '(s) for all s 2 Rm and l 2 Zm

<latexit sha1_base64="2hh2VoAy4qVBOTiNRE7EKfXM7xM="> </latexit>

- A function ' : Rm ! Rn is called p-periodic for some p 2 R if and only if

<latexit sha1_base64="5PflFwpUPlun+rV6sTqmG3LV2rQ="></latexit>

Adapted Gomory relaxation:
<latexit sha1_base64="25Jo8iusveQqtMCWkX6Z1gThvJY="></latexit>

q̄>NyN

<latexit sha1_base64="9ERUfVtmR/5c/shGOl0s8hJKS1Y="></latexit>

s.t.

<latexit sha1_base64="ISpuN3HIj0mXw8vhxmfjV+BrXd4="></latexit>

yN 2 ZnN
+ ⇥ Rn�nN

+

<latexit sha1_base64="/29lHnCfuNUJkimw47SOaCPcE7U="></latexit>

vB(!, x) = q>BB
�1

✓
h

! � Tx

◆
+min

yN

<latexit sha1_base64="ZCrVuu7zaKR5jYLmDnzTMgblIF8="></latexit>

e>i B
�1
h h� e>i B

�1NyN � 0 8i 2 I

<latexit sha1_base64="zJvMDGJtmkRrAWbmwJHRuCiEeRs="></latexit>

B�1

✓
h

! � Tx

◆
�B�1NyN 2 ZnB ⇥ Rm�nB

<latexit sha1_base64="YqWWnT91X85WeMHMlkaSNlunsl8="></latexit>

- Let !0 = ! + | detB|l with l 2 Zm

<latexit sha1_base64="7mg783JBC1/v+Xj4usMfcj8iHTE="></latexit>

| detB|-periodicity of y?N (!, x) in !:

<latexit sha1_base64="np9iOSwyu1CrMdkXqNeKeOapkXw="></latexit>

�! B�1

✓
h

!0 � Tx

◆
= B�1

✓
h

! � Tx

◆
+B�1

✓
0

| detB|l

◆

<latexit sha1_base64="8hUCEABtDjqyl0zSZdld0czH+jo="></latexit>

1

detB
adj(B)

✓
0

| detB|l

◆
2 Zm

<latexit sha1_base64="vrch//NvcpmqbYYpXPp+A1xwWpU="></latexit>

Since W is integer

<latexit sha1_base64="ccnmDuZ+FTDGEfSqHwrqI5ilr3s="></latexit>

- Fractional values of B�1

✓
h

! � Tx

◆
and B�1

✓
h

!0 � Tx

◆
are the same

<latexit sha1_base64="uoFfyubDQWV+AjzduNngSc4Oy8M="></latexit>

- Thus, y?N (!, x) = y?N (! + pl, x)
<latexit sha1_base64="tHsOmsvlUvUvK1keeA/Wbm+36dE="></latexit>

for p = | detB| and for all l 2 Zm



<latexit sha1_base64="zrhz5+JVAjTfqm2dTRPAW8ZV7d0="></latexit>

Boundedness of y?N (!, x)

<latexit sha1_base64="LM5DXLWx3+V7SHit2lHSIIGVngg="></latexit>

Observations:

<latexit sha1_base64="8aDWW98UQg3sFCHjlZkg08LdQ9A="></latexit>

- q̄>N � 0
<latexit sha1_base64="qVXjuL77uDxO33SHoQ37gTeViUE="></latexit>

- For the LP-relaxation:
<latexit sha1_base64="TH7gIRaORiZdQYyWP5ovz/aevF4="></latexit>

y?N (!, x) = 0
<latexit sha1_base64="QgD+aUgXnLovv2A7KgCUlMPLb5M="></latexit>

if e>i B
�1
h h � 0 8i 2 I

<latexit sha1_base64="yWOUkzXFvzU7zEfNk6/wosT+YMg="></latexit>

�! y?N (!, x) = 0 is feasible

<latexit sha1_base64="5PflFwpUPlun+rV6sTqmG3LV2rQ="></latexit>

Adapted Gomory relaxation:
<latexit sha1_base64="25Jo8iusveQqtMCWkX6Z1gThvJY="></latexit>

q̄>NyN

<latexit sha1_base64="9ERUfVtmR/5c/shGOl0s8hJKS1Y="></latexit>

s.t.

<latexit sha1_base64="ISpuN3HIj0mXw8vhxmfjV+BrXd4="></latexit>

yN 2 ZnN
+ ⇥ Rn�nN

+

<latexit sha1_base64="/29lHnCfuNUJkimw47SOaCPcE7U="></latexit>

vB(!, x) = q>BB
�1

✓
h

! � Tx

◆
+min

yN

<latexit sha1_base64="ZCrVuu7zaKR5jYLmDnzTMgblIF8="></latexit>

e>i B
�1
h h� e>i B

�1NyN � 0 8i 2 I

<latexit sha1_base64="zJvMDGJtmkRrAWbmwJHRuCiEeRs="></latexit>

B�1

✓
h

! � Tx

◆
�B�1NyN 2 ZnB ⇥ Rm�nB

<latexit sha1_base64="L1OWGyS7/UuJTI7PpFJ/G6aFPWM="></latexit>

Theorem (e.g., Schrijver Thm 17.2 adapted to MIP):
<latexit sha1_base64="b0xbyohUdN1803jte8068VnYBxg="></latexit>

- Optimal solutions of MIPs and LP-relaxations are “close”

<latexit sha1_base64="blPOzg9PcQYPn6SrwCvxwYsj5a4="></latexit>

- There exists a constant D > 0 such that for all ! and x:
<latexit sha1_base64="lKEzAezuxDs56dtJR1TvVttOFEE="></latexit>

ky?N (!, x)k  D



<latexit sha1_base64="lJFN3PiUiO4DwawC61X+RE6d8BI=">AAAWa3iclZjrbts2FIDdXTvv1q5ofmz7oTUJ0HaZEwe7YAMKFGlaFFjaJUHaBo0Sg5KPZcKUqJC0HVfVc+xp9nd7hj3E3mGHkixbImVsAWJJh9+58JA8pOTFjEq1s/P3tXfefe/9Dz68/lH7408+/ezzGze/eCn5WPjwwueMi1OPSGA0gheKKgansQASegxeeaNHuv3VBISkPDpRsxjOQxJEdEB9olDUu9F1PTaG5BhYJnA8UF </latexit>

Relation between v(!, x) and vB(!, x)
<latexit sha1_base64="5PflFwpUPlun+rV6sTqmG3LV2rQ="></latexit>

Adapted Gomory relaxation:
<latexit sha1_base64="25Jo8iusveQqtMCWkX6Z1gThvJY="></latexit>

q̄>NyN

<latexit sha1_base64="9ERUfVtmR/5c/shGOl0s8hJKS1Y="></latexit>

s.t.

<latexit sha1_base64="ISpuN3HIj0mXw8vhxmfjV+BrXd4="></latexit>

yN 2 ZnN
+ ⇥ Rn�nN

+

<latexit sha1_base64="/29lHnCfuNUJkimw47SOaCPcE7U="></latexit>

vB(!, x) = q>BB
�1

✓
h

! � Tx

◆
+min

yN

<latexit sha1_base64="ZCrVuu7zaKR5jYLmDnzTMgblIF8="></latexit>

e>i B
�1
h h� e>i B

�1NyN � 0 8i 2 I

<latexit sha1_base64="zJvMDGJtmkRrAWbmwJHRuCiEeRs="></latexit>

B�1

✓
h

! � Tx

◆
�B�1NyN 2 ZnB ⇥ Rm�nB

<latexit sha1_base64="Js1gVdFHniqAA9rOb9OO+jlXknA=">AAAWXXiclZjdbts2FIDVbd06r+vaDc0udqM1CdB1mRMH3QYUKFCkaVFgaesE/QkaJQYlUzJhUlRI2omr6gH2NLvdHmVXe5UdSrJsiZSxBYglHX7nhzzkISU/oUSqnZ2/r3z08SdXP/3s2uedL65/eeOrm7e+fiP5RAT4dcApF8c+kpiSGL9WRFF8nAiMmE/xW3/8WLe/nWIhCY9fqVmCTxmKYhKSACkQDW6ue/Lcn1DX8+kEpy </latexit>

Optimality condition:

<latexit sha1_base64="QUb1qquKi3rJOOnvx6m40CEnYkc="></latexit>

for all i /2 I

<latexit sha1_base64="Oqy+W9AAkRRZlygGTzeHKbEaqnA="></latexit>

then y?N (!, x) is optimal for v(!, x)

<latexit sha1_base64="pBgxarwiLJEg1iglBG0J5ob39gQ="></latexit>

- If e>i B
�1
h h+ e>i B

�1
! (! � Tx)� e>i B

�1Ny?N (!, x) � 0
<latexit sha1_base64="c4k41Ch06pXpf+LrBJUq6TuJVj8="></latexit>

(y?B(!, x))i � 0

<latexit sha1_base64="uDIqvBBuXeCIxZmzBlVcLLDOGUk="></latexit>

- Use boundedness of y?N (!, x)

<latexit sha1_base64="TA2Pt5EYCxamwfKugVDObc0rRpY=">AAAWXXiclZjdbtxEFIC3hUJZCrSghgtuTJNIpYRNNiogVapUpWlVibSkIW2jxkk09o69o53xODOzm2xdPwBPwy08Cle8CmfGXu/aM15BpKztc77zM39nxg5SSqTa2vr7ytUPPrz20cfXP+l+euOzz7+4eevL15KPRYhfhZxycRQgiSlJ8CtFFMVHqcCIBRS/CUaPtf7NBAtJeHKopik+YShOSERCpEB0dnPVl+fBmHp+QMc4+2 </latexit>

Su�cient condition:

<latexit sha1_base64="QUb1qquKi3rJOOnvx6m40CEnYkc="></latexit>

for all i /2 I
<latexit sha1_base64="wY8NEcs7W++fD0VXM5+teNYAVCU="></latexit>

- If ! � Tx 2 Hi(ĥi)
<latexit sha1_base64="Cl/raksUsr+p6VI/qMObJOgvi2s="></latexit>

with Hi(ĥi) :=
n
s 2 Rm : e>i B

�1
! s � ĥi

o

<latexit sha1_base64="qSPm9HdPd8DeVl77iBbnPf6Z4EQ="></latexit>

ĥi := max
kyNkD

e>i B
�1NyN � e>i B

�1
h h



<latexit sha1_base64="lJFN3PiUiO4DwawC61X+RE6d8BI=">AAAWa3iclZjrbts2FIDdXTvv1q5ofmz7oTUJ0HaZEwe7YAMKFGlaFFjaJUHaBo0Sg5KPZcKUqJC0HVfVc+xp9nd7hj3E3mGHkixbImVsAWJJh9+58JA8pOTFjEq1s/P3tXfefe/9Dz68/lH7408+/ezzGze/eCn5WPjwwueMi1OPSGA0gheKKgansQASegxeeaNHuv3VBISkPDpRsxjOQxJEdEB9olDUu9F1PTaG5BhYJnA8UF </latexit>

Relation between v(!, x) and vB(!, x)

<latexit sha1_base64="Js1gVdFHniqAA9rOb9OO+jlXknA=">AAAWXXiclZjdbts2FIDVbd06r+vaDc0udqM1CdB1mRMH3QYUKFCkaVFgaesE/QkaJQYlUzJhUlRI2omr6gH2NLvdHmVXe5UdSrJsiZSxBYglHX7nhzzkISU/oUSqnZ2/r3z08SdXP/3s2uedL65/eeOrm7e+fiP5RAT4dcApF8c+kpiSGL9WRFF8nAiMmE/xW3/8WLe/nWIhCY9fqVmCTxmKYhKSACkQDW6ue/Lcn1DX8+kEpy </latexit>

Optimality condition:

<latexit sha1_base64="QUb1qquKi3rJOOnvx6m40CEnYkc="></latexit>

for all i /2 I

<latexit sha1_base64="Oqy+W9AAkRRZlygGTzeHKbEaqnA="></latexit>

then y?N (!, x) is optimal for v(!, x)

<latexit sha1_base64="5PflFwpUPlun+rV6sTqmG3LV2rQ="></latexit>

Adapted Gomory relaxation:
<latexit sha1_base64="25Jo8iusveQqtMCWkX6Z1gThvJY="></latexit>

q̄>NyN

<latexit sha1_base64="9ERUfVtmR/5c/shGOl0s8hJKS1Y="></latexit>

s.t.

<latexit sha1_base64="ISpuN3HIj0mXw8vhxmfjV+BrXd4="></latexit>

yN 2 ZnN
+ ⇥ Rn�nN

+

<latexit sha1_base64="/29lHnCfuNUJkimw47SOaCPcE7U="></latexit>

vB(!, x) = q>BB
�1

✓
h

! � Tx

◆
+min

yN

<latexit sha1_base64="ZCrVuu7zaKR5jYLmDnzTMgblIF8="></latexit>

e>i B
�1
h h� e>i B

�1NyN � 0 8i 2 I

<latexit sha1_base64="zJvMDGJtmkRrAWbmwJHRuCiEeRs="></latexit>

B�1

✓
h

! � Tx

◆
�B�1NyN 2 ZnB ⇥ Rm�nB

<latexit sha1_base64="pBgxarwiLJEg1iglBG0J5ob39gQ="></latexit>

- If e>i B
�1
h h+ e>i B

�1
! (! � Tx)� e>i B

�1Ny?N (!, x) � 0
<latexit sha1_base64="c4k41Ch06pXpf+LrBJUq6TuJVj8="></latexit>

(y?B(!, x))i � 0

<latexit sha1_base64="uDIqvBBuXeCIxZmzBlVcLLDOGUk="></latexit>

- Use boundedness of y?N (!, x)
<latexit sha1_base64="QUb1qquKi3rJOOnvx6m40CEnYkc="></latexit>

for all i /2 I

<latexit sha1_base64="TA2Pt5EYCxamwfKugVDObc0rRpY=">AAAWXXiclZjdbtxEFIC3hUJZCrSghgtuTJNIpYRNNiogVapUpWlVibSkIW2jxkk09o69o53xODOzm2xdPwBPwy08Cle8CmfGXu/aM15BpKztc77zM39nxg5SSqTa2vr7ytUPPrz20cfXP+l+euOzz7+4eevL15KPRYhfhZxycRQgiSlJ8CtFFMVHqcCIBRS/CUaPtf7NBAtJeHKopik+YShOSERCpEB0dnPVl+fBmHp+QMc4+2 </latexit>

Su�cient condition:

<latexit sha1_base64="wY8NEcs7W++fD0VXM5+teNYAVCU="></latexit>

- If ! � Tx 2 Hi(ĥi)
<latexit sha1_base64="Cl/raksUsr+p6VI/qMObJOgvi2s="></latexit>

with Hi(ĥi) :=
n
s 2 Rm : e>i B

�1
! s � ĥi

o

<latexit sha1_base64="qSPm9HdPd8DeVl77iBbnPf6Z4EQ="></latexit>

ĥi := max
kyNkD

e>i B
�1NyN � e>i B

�1
h h

<latexit sha1_base64="J6o7lepkakEkOqG8nj3XaNCoJV8="></latexit>

⇤1(d1)

<latexit sha1_base64="7ljx25gf9S1En0XhH6SXJJHtNho="></latexit>

⇤2(d2)

<latexit sha1_base64="PwIt8SWgJZ4wbo6lxPkv6SmV+xQ="></latexit>

⇤3(d3)
<latexit sha1_base64="+YNC31GD+FyluvwLQOcaMzEdKWs="></latexit>

⇤4(d4)

<latexit sha1_base64="tXOxnfM7DsdyT57cZOayduB984c="></latexit>

⇤5(d5)

<latexit sha1_base64="j/aiQsok0i2p9aAeapFbdNKvlEA="></latexit>

⇤6(d6)

<latexit sha1_base64="FMFn4WbU5KYbKQ5Agkfb5hEuSVE="></latexit>

R2

<latexit sha1_base64="a8JzwTPWPVEj06cBmueLGDP8S7g="></latexit>

h



<latexit sha1_base64="lJFN3PiUiO4DwawC61X+RE6d8BI=">AAAWa3iclZjrbts2FIDdXTvv1q5ofmz7oTUJ0HaZEwe7YAMKFGlaFFjaJUHaBo0Sg5KPZcKUqJC0HVfVc+xp9nd7hj3E3mGHkixbImVsAWJJh9+58JA8pOTFjEq1s/P3tXfefe/9Dz68/lH7408+/ezzGze/eCn5WPjwwueMi1OPSGA0gheKKgansQASegxeeaNHuv3VBISkPDpRsxjOQxJEdEB9olDUu9F1PTaG5BhYJnA8UF </latexit>

Relation between v(!, x) and vB(!, x)
<latexit sha1_base64="5PflFwpUPlun+rV6sTqmG3LV2rQ="></latexit>

Adapted Gomory relaxation:
<latexit sha1_base64="25Jo8iusveQqtMCWkX6Z1gThvJY="></latexit>

q̄>NyN

<latexit sha1_base64="9ERUfVtmR/5c/shGOl0s8hJKS1Y="></latexit>

s.t.

<latexit sha1_base64="ISpuN3HIj0mXw8vhxmfjV+BrXd4="></latexit>

yN 2 ZnN
+ ⇥ Rn�nN

+

<latexit sha1_base64="/29lHnCfuNUJkimw47SOaCPcE7U="></latexit>

vB(!, x) = q>BB
�1

✓
h

! � Tx

◆
+min

yN

<latexit sha1_base64="ZCrVuu7zaKR5jYLmDnzTMgblIF8="></latexit>

e>i B
�1
h h� e>i B

�1NyN � 0 8i 2 I

<latexit sha1_base64="zJvMDGJtmkRrAWbmwJHRuCiEeRs="></latexit>

B�1

✓
h

! � Tx

◆
�B�1NyN 2 ZnB ⇥ Rm�nB

<latexit sha1_base64="J6o7lepkakEkOqG8nj3XaNCoJV8="></latexit>

⇤1(d1)

<latexit sha1_base64="7ljx25gf9S1En0XhH6SXJJHtNho="></latexit>

⇤2(d2)

<latexit sha1_base64="PwIt8SWgJZ4wbo6lxPkv6SmV+xQ="></latexit>

⇤3(d3)
<latexit sha1_base64="+YNC31GD+FyluvwLQOcaMzEdKWs="></latexit>

⇤4(d4)

<latexit sha1_base64="tXOxnfM7DsdyT57cZOayduB984c="></latexit>

⇤5(d5)

<latexit sha1_base64="j/aiQsok0i2p9aAeapFbdNKvlEA="></latexit>

⇤6(d6)

<latexit sha1_base64="FMFn4WbU5KYbKQ5Agkfb5hEuSVE="></latexit>

R2

<latexit sha1_base64="a8JzwTPWPVEj06cBmueLGDP8S7g="></latexit>

h

<latexit sha1_base64="2XwwB2Y3KbaaKn/+swhIsPePNFY="></latexit>

- There exist ⇤̃k(d̃k) ⇢ Rm such that

<latexit sha1_base64="pByDpYbylfXe7MB1PHubk2B/0AY="></latexit>

periodic
<latexit sha1_base64="9ec7XxQUCErMm8jFPLAQXt44eOg="></latexit>

a�ne

<latexit sha1_base64="aqB1PybOBSFkH/rVjHnKZUPWYPw="></latexit>

if ! � Tx 2 ⇤̃k(d̃k)

<latexit sha1_base64="EChzOWC7ESvGf7mUg0wWpp33RjI="></latexit>

v(!, x) = q>Bk
B�1

k

✓
h

! � Tx

◆
+ q̄>Nk

y?Nk
(!, x)

<latexit sha1_base64="zfk/A1xRvZrH2p3VLjfpa/j3kUY="></latexit>

- Define  k(!, x) := q̄>Nk
y?Nk

(!, x)



<latexit sha1_base64="o6+u28/naU3thr6LSdz05fxAN/Y=">AAAWVXiclZhbb9s2FIDVrus679J2Q/vSF61JgK7LnDjYBRtQoEjSosDSLgl6CRolBiVTMmFSVEjasavqYb9mr9uvGfZjBuxQkmVLpIwtQCzpnO9ceDuk5CeUSLW9/feVqx9c+/D6Rzc+7nzy6Wef37x1+4vXko9FgF8FnHJx4iOJKYnxK0UUxSeJwIj5FL/xR3ta/2aChSQ8fqlmCT5jKIpJSAKkQNS/dc/z6Rinezye4KmLkk </latexit>

Convex approximation
<latexit sha1_base64="4QRNX/tJ1UF4zzXf6H8ehHMV5sQ="></latexit>

Idea of convex approximation

<latexit sha1_base64="aqB1PybOBSFkH/rVjHnKZUPWYPw="></latexit>

if ! � Tx 2 ⇤̃k(d̃k)

<latexit sha1_base64="0ASxxe+xO+CIhRio2f6Yp0wm0z4="></latexit>

v(!, x) = q>Bk
B�1

k

✓
h

! � Tx

◆
+  k(!, x)

<latexit sha1_base64="Iocyu0DA6zb2xvFGpQUV5xmKKIc="></latexit>

- Replace x in  k(!, x) by a constant ↵
<latexit sha1_base64="ZgjP5c5lzeQ5kXEppe0w/7+FHsg="></latexit>

! !

<latexit sha1_base64="280bF3F/UcppNLp28YhUnPpcwXI="></latexit>

Definition convex approximation v̂
<latexit sha1_base64="NLdgig7WIULVx1asYnfno3prG9o="></latexit>

v̂(!, x) = max
k=1,...,K

n
q>Bk(Bk)�1

✓
h

! � Tx

◆
+  k(!,↵)

o

<latexit sha1_base64="qOExy6q3kzWmbHUR4b9aBrlOK8I="></latexit>

�!  k(!, x)�  k(!,↵) is periodic

<latexit sha1_base64="mHPLyELKuE2GpYYocMWdCWS5528="></latexit>

kQ� Q̂k1  C
mX

i=1

|�|fi

<latexit sha1_base64="c/meZuMLaQVEw7KP6GFe5hAn5Pg="></latexit>

Error bound (Independent case)
<latexit sha1_base64="0gO5ykhnECnHK1HkhC3lk5zFuKM="></latexit>

- There exists a constant C > 0 such that
<latexit sha1_base64="Q+SZhMHOM0s/Vy0S3rPfQJ3qr4o="></latexit>

for all independent random vectors ! with marginal density functions fi



Conclusion

• We derive a convex approximation and error bound for two-stage 

SMIP with partially uncertain right-hand side

• Can be applied to expected cost-to-go functions of M-SMIPs

• By using induction over time stages

• Future research direction:

• Construct SDDP-like algorithms based on convex approximation
  


